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A low order potential based boundary element method is applied for the nu-

merical modeling of unsteady sheet and developed tip vortex cavitation, including

fully unsteady wake alignment, on hydrofoils and marine propellers.

For the alignment of trailing wake, a finite core tip vortex is introduced

at the tip of the wake sheet, and the induced velocities are evaluated at slightly

deviated points instead of the actual control points on the panels, in order to avoid

the numerical instability near the roll-up region.

Once the Green’s formula for the perturbation potential is solved on the

lifting bodies and the tip vortex surface, the three-component velocities on the tip

vortex surface are calculated by numerically differentiating the given perturbation

potentials. The induced velocities on the wake surface are directly determined by

differentiating Green’s formula. The new locations of the wake sheet and of the

vii



center of tip vortex core are then determined by aligning them to the flow so that

the force-free condition is satisfied on the wake.

The wake surface is aligned in an iterative manner, and then the shapes

of the blade sheet and tip vortex cavities are determined by applying the dynamic

and the kinematic boundary conditions on the cavity surfaces. The potentials on the

blade sheet cavities are determined from the dynamic boundary condition (Dirichlet

type), and the normal derivatives of the potentials are obtained from the solution of

Green’s formula. Finally, the extent and thickness of the blade sheet cavity surface

is determined from the kinematic boundary condition (Neumann type).

On the other hand, the boundary value problem on the developed tip vortex

cavity is solved for the perturbation potential by assuming at first that the tip vortex

is a solid body of given radius. The tip vortex cavity shape is then adjusted so

that the pressures match the given cavity (vapor) pressure, using a method based

on the Jacobian of the pressures with respect to the cavity height adjustments. The

blade sheet and the tip vortex cavity shapes are determined in an iterative manner at

each time step, until both the dynamic and the kinematic boundary conditions are

satisfied.

The method is applied in the case of 2-D vortex, 3-D hydrofoil, and ma-

rine propellers subjected to inclined and non-axisymmetric inflows. Comparisons

with experiments are presented, and the dependence of numerical solutions on the

computational parameters is studied extensively.
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Chapter 1

Introduction

1.1 Background

A marine propeller is often operating in a non-axisymmetric flow field and

thus its blades are subject to an unsteady flow. Depending on operating conditions,

such as ship speed, propeller submergence depth, rotational velocity of propeller,

and ship maneuvering conditions, the propeller can experience different types of

cavitation. The most destructive effect of cavitation on the propeller blades occurs

when the cavity repeatedly grows and collapses on the propeller surface. Excessive

pressures during the collapse stage cause pitting of the blades and thus accelerate

blade erosion. In addition, the hydrodynamic phenomenon of the growth and the

collapse of the cavity can produce severe pressure fluctuations on the adjacent hull

that sometimes can cause failure of the hull panels as well as radiating noise.

Although designing a propeller without cavitation is the primary goal of pro-

peller designers, avoiding cavitation has become more difficult in recent years, due

to the development of faster and larger displacement ships. As a result, propellers

have been designed to avoid excessive cavitation by allowing some portion of cavi-

tation on the blades. Therefore the development of a computational method which

can accurately predict propeller performance, including cavitation, is essential for
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the design process.

The following types of cavitation patterns can occur on the propeller blades,

depending on operating conditions: sheet, bubble, cloud, hub vortex and tip vortex

cavitation [Carlton 1994].

Blade sheet cavitation initially appears at the leading edge of the propeller

blade on the suction side, if the propeller operates at a positive angle of attack. As

the angle of attack increases, or the cavitation number decreases, sheet cavitation

grows over the blade surface and forms a super-cavity which extends downstream of

the propeller blade trailing edge. Partial and super cavitation are shown in Figs. 1.1-

(a) and -(b)1.

Bubble cavitation usually occurs in the mid chord region of the blade sec-

tion, around which the blade section usually has its maximum thickness and camber

(Fig. 1.1-(c)).

Cloud cavitation appears downstream of strongly developed sheet cavitation

as the form of a mist or a cloud of very small bubbles. Cloud cavitation is known

as the main cause of blade surface erosion (Fig. 1.1-(d)).

Hub vortex cavitation is generated in the strong hub vortex which results

from the merging of the circulation at the root of each blade. The resulting cavi-

tation is very stable and forms a rope-like shape with strands corresponding to the

number of propeller blades.

1Photographs shown in Figs. 1.1 and 1.2 are taken from the following web site with permission
by Professor Hiroharu Kato. http://www.fluidlab.naoe.t.u-tokyo.ac.jp/Research/CavPictures/
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The flow around the blade tip, from the pressure to the suction side, pro-

duces also a vortex (the tip vortex) which extends from the blade tip to the flow

field downstream. Often, a tip vortex cavity starts cavitating somewhat downstream

of the propeller trailing edge in a detached form (tip vortex cavitation inception)

[Arndt et al. 1991]. As the cavitation number decreases, the detached tip vortex

cavity moves closer and closer to the trailing edge of the blade, and finally attaches

to the tip of the blade (developed tip vortex cavitation). A developed tip vortex

cavity on a hydrofoil is shown in Fig. 1.2.

Developed tip vortex cavitation often appears together with blade sheet cav-

itation, and is known as one of the main sources of propeller induced pressure fluc-

tuations on the ship hull. The prediction of developed tip vortex cavity shape is thus

quite important in the assessment of the propeller performance and the correspond-

ing ship hull pressure fluctuations.

While the developed cavitating tip vortex is swept away with the flow, it

often shows a growing vortex core (so calledvortex bursting) in wake peak region,

as shown in Fig. 1.3. The vortex bursting behavior shown in photographs was ob-

served on a 5-bladed controllable propeller of a Navy oiler [Kuiper 2001].

It is well known that the trailing wake sheet traveling downstream of a pro-

peller blade experiences contraction and roll-up at the tip region. In the past, the

wake contraction and vortex roll-up motion were determined from measurements by

using Laser Doppler Velocimetry(LDV) or more recently Particle Image Velocime-

try(PIV) systems. The results of these measurements were used to adjust simplified

techniques which determine the location of the trailing wake sheet. Since the roll-
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Figure 1.1: Types of cavitation on 3-D hydrofoil. (a) partial cavitation (top left), (b)
super cavitation (top right), (c) bubble cavitation (bottom left), and (d) sheet and
cloud cavitation (bottom right). With permission by Professor Hiroharu Kato.
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Figure 1.2: Tip vortex cavitation on 3-D hydrofoil. With permission by Professor
Hiroharu Kato.

up and the contraction of vortex (wake) sheet depend on the propeller operating

conditions and the geometric characteristics, the range in which the experimental

measurements are applicable to the numerical calculation is confined to the near

design condition of a propeller.

More recently, the accurate prediction of the wake geometry has been achieved

by aligning the wake surface with the local total velocities, i.e. by applying the

force-free condition on the wake surface. Since the trajectory of a tip vortex in

non-cavitating conditions has been found to be close enough to that of cavitating

conditions [Arndt et al. 1991], the wake alignment in a non-cavitating flow can also

predict the trajectory of the cavitating tip vortex2.

2This would be valid for limited amount of blade sheet cavitation so that the blade loading is not
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Propeller Blade

Rudder

Figure 1.3: Blown up tip vortex cavity (tip vortex cavity bursting) observed on a
Navy oiler with 5 bladed controllable propeller. Taken from [Kuiper 2001].
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In this study, the aligned wake geometry is first determined in a fully un-

steady manner to locate the trajectory of the tip vortex cavitation. The geometries

of the blade sheet and developed tip vortex cavities are then determined by satisfy-

ing a constant pressure condition on their surfaces.

1.2 Motivation

Despite the fact that in most cases the inflow is non-axisymmetric, the mean

performance of a marine propeller has often been predicted in steady (circumfer-

entially averaged) flow. Even in unsteady analysis, however, the geometry of the

trailing wake sheet has been treated as frozen, i.e. the wake is determined in the cir-

cumferentially averaged flow field and retained the same for all time steps (or blade

angles). Especially, in the case of inclined shaft flow, the wake travels from the

blade trailing edge at an inclined angle, and the variation of the predicted unsteady

forces strongly depends on the wake geometry. Since the trajectory of the tip vortex

core of non-cavitating condition has been found to coincide with that of cavitating

condition, the accurate prediction of the wake roll-up and contraction is important

for the performance prediction of non-cavitating as well as cavitating propeller.

The most common problems due to the blade sheet and developed tip vortex

cavitation are excessive pressure fluctuations (broadband excitations) of the hull,

and erosion [Kuiper 2001]. The pressure fluctuations generated by the tip vortex

cavitation show broadband behavior, i.e. energy is radiated in all frequencies, while

altered.
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the pressure fluctuations due to sheet cavitation radiate noise at the blade frequency

or multiples of that. Even though the excitations due to the blade sheet cavitation

are predominant, these excitations can be reduced by increasing tip loading, i.e.

by moving loading towards blade tip, and consequently, the blade erosion due to

the sheet cavitation can be controlled. However, increasing tip loading results in

broadband pressure fluctuations due to the generation of strong tip vortex cavitation.

The main benefit from this work is a better understanding of the hydrody-

namic characteristics of blade sheet and developed tip vortex cavitation. Further-

more, the outcome of this work will lead to a better prediction of the fluctuating

pressures generated by blade sheet and tip vortex cavitation, and those effects will

be considered in the propeller design stage.

1.3 Objective

The objective of this research is to develop a robust and computationally

stable numerical method which can predict unsteady propeller sheet and fully de-

veloped tip vortex cavitation, and their effects on the hydrodynamic forces.

The following assumptions or approaches are implemented in order to achieve

the main objective.

� The fluid domain is numerically modeled via a low order panel method based

on the perturbation velocity potential.

� The trailing wake sheet is determined to satisfy the force-free condition, and

modeled in an unsteady manner.
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� The exact shapes of blade sheet and fully developed tip vortex cavitation are

predicted by applying Neumann and Dirichlet type of boundary conditions

on the aligned unsteady wake geometries.

� The range of applicability of present method is tested by comparisons with

experiments and other numerical methods.

1.4 Overview

This dissertation is organized into four main chapters.

Chapter 1 contains background, motivation, objectives of this research.

Chapter 2 introduces two- and three-dimensional formulations for the wake

alignment based on a boundary element method. Then, the numerical results ob-

tained for the two dimensional vortex, the three dimensional hydrofoil and the pro-

peller problems are presented, and compared with those of experiments and other

numerical methods.

In Chapter 3, the details of the mathematical formulations for the blade

sheet and the developed tip vortex cavitation are described. Numerical validation

tests and comparisons with experiments are addressed in the cases of 2-D tip vortex

cavity, 3-D hydrofoil, and propeller.

In Chapter 4, a method for the modeling of the unsteady 2-D tip vortex

cavity bursting is proposed, as a part of recommendations for future work, and the

preliminary results are also presented.
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Chapter 5 presents the conclusions and contributions of this dissertation,

and the recommendations for future research.
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Chapter 2

Unsteady Wake Alignment

2.1 Previous Research

This section presents a literature review on computational studies which

have been conducted on the subjects of vortex roll-up and wake alignment. The

previous works on two dimensional vortex roll-up motion are reviewed first. Later,

a review of research on three dimensional wake alignment is given.

2.1.1 Two Dimensional Vortex Roll-Up

[Westwater 1935] was first to evaluate numerically vortex sheet roll-up be-

hind an elliptically loaded wing by using the discretized point vortex approximation

of [Rosenhead 1931]. [Batchelor 1964] described the vortex rolling up process in-

cluding the effects of wing viscous wake, in which the central core vortex was

assumed to be laminar and the velocity field to be that of a concentrated line vor-

tex. A spiral structure for the vortex sheet near the tip was predicted and the rate

of roll-up of the vortex sheet was estimated. However, this method with increasing

number of point vortices and smaller time step resulted in chaotic motion in the

region of tip vortex [Takami 1964; Moore 1971]. In order to prevent the chaotic

motion in the region of tip vortex, [Chorin and Bernard 1973] introduced a finite

core model for the vortices, and desingularized the Cauchy principal value integral
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for the velocity. [Kuwahara and Takami 1973] stabilized the numeric calculation

by smoothing the point vortex velocity, and [Clements and Maull 1973] prevented

chaotic motion by using a time step comparable with the orbital period of the clos-

est vortices. Also, the effects of the loading along the span on the development of

fully rolled-up trailing vortices were discussed by [Brown 1973].

[Moore 1974, 1975; Guiraud and Zeytounian 1977] also eliminated the

chaotic motion by introducing a finite core tip vortex to represent the rolling up

of the vortex sheet. Their results showed good agreement with Kaden’s solution

[Kaden 1931] which was derived from asymptotic expression for the roll-up spiral.

Also, they found that the inner turns of the spiral were not circular, but were ellipti-

cal, and that effect was also observed by [Smith 1968] who studied steady leading

edge separation from slender thin delta wings [Mangler and Smith 1959]. [Pullin

1978; Pullin and Phillips 1981] studied the roll-up of an initially planar semi-infinite

vortex sheet using similarity solutions. The known similarity solutions were used to

transform the time-dependent problem for the vortex sheet motion into an integro-

differential equation which was approximated by finite difference method. Their

vortex rolling-up showed good agreement with Kaden’s asymptotic spiral solution.

[Fink and Soh 1978] proposed to use re-discretization of the vortex sheet, which

includes the consideration of Cauchy principal value integration and higher order

terms. They obtained smooth vortex sheet behavior which included coherent spiral

roll-up over longer times than previously reported. Later, [Baker 1980] investigated

the stability of the re-discretization method for the case of double-branched spiral-

ing vortex sheets, and proved that Fink & Soh’s method eventually led to chaotic
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motion as well.

A successful method which predicted two dimensional vortex sheet evolu-

tion was developed by [Krasny 1986, 1987]. He introduced a vortex blob method

based on the desingularization of the Cauchy principal value integral which de-

fines the vortex sheet velocity. Results showed good convergence with respect to

refinement in the mesh size and the smoothing parameter. [McCune et al. 1990]

also applied the desingularization method to compute the trailing wake behind two

dimensional hydrofoil in unsteady motion.

In general, high order boundary element method produces more stable and

smooth vortex roll-up than that of vortex lattice method. There have been several at-

tempts to compute vortex sheet roll-up motion by using boundary element method.

[Mokry and Rainbird 1975] attempted to produce vortex roll-up using a low

order panel method, however, their results showed numerical instability near the

vortex roll-up region. [Hoeijmakers and Vaatstra 1983] introduced a second order

panel method to compute the motion of the vortex sheets, and successfully com-

puted up to four outer turns in the vortex sheet. However, a disadvantage of this

method was that the solution was not self-starting and required an initial condi-

tion based on Kaden’s asymptotic solution. [Nagati et al. 1987; Pyo 1995; Pyo

and Kinnas 1997] presented vortex sheet modeling with curved higher order pan-

els by distributing continuous vorticity on the curved panels. They eliminated the

irregularities near the tip by introducing a smoothing scheme.
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2.1.2 Three Dimensional Vortex Roll-Up

There have been many attempts to predict vortex roll-up behind three di-

mensional lifting bodies, and those efforts are systematically described by [Smith

1986].

A vortex lattice method has been applied to a wide range of configurations,

and achieved reasonable success in predicting a vortex roll-up motion [Zhu et al.

1981; Rom et al. 1981; Almosnino 1985; Kandil 1985; Keenan 1989]. [Tavares and

McCune 1993] extended classical slender wing theory, and used a desingularized

method to predict leading edge vortices over slender wing. Also, a desingular-

ization method was applied by [Ramsey 1996] to predict three dimensional vor-

tex sheet evolution, where the relationship of the desingularized radius to the other

mesh parameters, such as time step size, were also discussed. [Rule and Bliss 1998]

incorporated a differential equation for inviscid roll-up with an integral conserva-

tion law model in the viscous core region. Although their model was validated for

several experimental cases, the method required some care in the choice of viscous

core velocity function which was one of the initial conditions.

High order panel methods were used by [Suciu and Morino 1977; Hoeij-

makers and Bennekers 1979; Johnson et al. 1980] to model the trailing vortex sheet

over wings with leading edge separation. [Pyo 1995; Pyo and Kinnas 1997] de-

veloped a three dimensional vortex sheet roll-up algorithm by using hyperboloidal

panels and bi-quadratic dipole distribution over the trailing vortex sheet.
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2.1.3 Wake Alignment on Propeller

A trailing wake sheet traveling downstream of a propeller experiences con-

traction and roll-up at the tip regions. In the past, the wake contraction and vortex

roll-up motion were determined from measurements by Laser Doppler Velocime-

try(LDV), or Particle Image Velocimetry(PIV). These measurements were used to

adjust simplified techniques which determine the location of the trailing wake sheet.

There has been a lot of research on aligning wake geometry to predict more

accurate propeller performance in uniform inflows. The effect of wake geometry on

the predicted propeller torque and thrust was first investigated by [Kerwin and Lee

1978]. [Greeley and Kerwin 1982] applied a vortex lattice method to determine the

trailing wake geometry of a propeller in axisymmetric inflow in an iterative man-

ner. In their method, the roll-up of the vortex sheet was artificially suppressed by

aligning the wake with the flow at the trailing edge and far downstream, and by in-

terpolating the wake geometry in between. This modeling was extended by [Kinnas

and Pyo 1999] to predict unsteady forces and moments of a propeller subjected to

inclined inflows, by including the effects of shaft inclination on the radial and the

tangential velocities used to align the wake sheet. Their predicted unsteady forces

(first harmonics) showed good agreement with those measured in the experiment

performed by [Boswell et al. 1984]. [Keenan 1989] calculated the trailing wake

geometry produced by propellers in unsteady flow using a vortex lattice model. In

his work, he set the induced velocity at the wake grid points to zero when a vortex

point is within the prescribed cutoff radius. In addition, the damping function was

introduced to suppress spurious extreme velocities. The desingularization method
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was applied by [Ramsey 1996], to predict three dimensional vortex sheet evolution

on propellers in uniform flow, where the relationship of the desingularized radius

to the other mesh parameters such as time step size were also discussed. [Pyo and

Kinnas 1997] developed a three dimensional vortex sheet roll-up algorithm for pro-

pellers in steady flow using a high order panel method, in which quadratic dipoles

were distributed on the trailing vortex sheet.

2.2 Objectives

As mentioned in Section 2.1, the geometry of the wake sheet trailing from a

propeller blade was generated based on user specified parameters that were obtained

from the experiments. These methods have been widely used in propeller design

and performance analysis. However, due to the increasing complexity of propeller

geometry and higher propeller loadings, and considering that the inflow is often

non-uniform and non-axisymmetric, the predicted forces from these methods were

often far away from those measured in the experiments. Therefore, more reliable

and robust wake aligning method is needed for the accurate prediction of propeller

performance. The followings are the main objectives of this section :

� Develop a numerical algorithm which predicts vortex roll-up motion in 2-D.

� Extend the BEM to predict the aligned wake geometry of a 3-D hydrofoil.

� Extend the BEM to predict steady and unsteady geometry of the trailing wake

sheet on propellers.
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2.3 The Elliptically Loaded Lifting Line Problem

2.3.1 Problem Definition

Consider an infinitely extended vortex sheet along the z-axis which inter-

sects thexy planes, and is situated ony = 0 on the interval�1 � x � 1. The

circulation is distributed elliptically along the span of the vortex line. A tip vortex

of core radiusrT and non-zero circulation is modeled at the ends of the vortex sheet,

as shown in Fig. 2.1.

�(~x) = �o sin(~x) (2.1)
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where0 � ~x � �, andx = [1� cos(~x)]=2.

2.3.2 Green’s Formula

The fluid is assumed to be inviscid, incompressible and irrotational. This

problem will be treated using the classical approach in the time domain1 with time

corresponding to thez�location ofz = U1t, whereU1 is the inflow. Then, the

fluid domain can be expressed in terms of potential,�, defined as follows :

r�(x; y; t) = ~q(x; y; t) (2.2)

where~q is the velocity on thexy�plane. The total potential has to satisfy Laplace’s

equation inside the fluid domain.

r2�(x; y; t) = 0 (2.3)

By applying Green’s third identity to Eqn. 2.3, the integral equation for this vortex

sheet problem can be expressed as follows:

��p =

Z
CV

�
�q
@ ln r

@n
� @�q

@n
ln r

�
dl +

Z
Cw

(�+
w � ��

w)
@ ln r

@n+
dl (2.4)

whereCV andCw are the boundaries of the tip vortex core and free vortex sheet,

respectively;r is the distance between the field pointp and the variable pointq; ~n+

is the unit normal vector on the vortex sheet pointing upward.�+
w and��

w are the

dipole strength at the upper and lower side of the free vortex sheet related to the

1The 3-D approach, to be described next, could also be used, but we used the 2-D/time approach
so that we could make comparisons with the results of other methods.
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circulation distribution as follows :

�+
w(lw)� ��

w(lw) = ��w(lw) = �(lw) (2.5)

wherelw is defined along the arclength of the vortex sheet. Since the vortex sheet

and tip vortex are freely moving in stationary flow domain, the kinematic boundary

condition can be written as follows:

@�

@n
= 0 (2.6)

Then, the integral Eqn. 2.4 can be simplified as follows:

��p =

Z
CV

�q
@ ln r

@n
dl +

Z
Cw

��w
@ ln r

@n+
dl (2.7)

Therefore, it is found that there is no need to distribute sources on the tip vortex.

Only constant dipoles on the tip vortex and the vortex sheet are required for this

problem. The shape ofCV (l) will be that of a circle of radiusrT . In the present

work, the shape will remain unchanged, even though the tip vortex core center is

allowed to move freely2.

2.3.3 Numerical Treatment

Once the boundary value problem is solved in terms of the unknown dipole

strength on the tip vortex, then the velocity field induced by the tip vortex and the

vortex sheet can be computed directly from differentiating the integral equation 2.7.

2In later sections, the shape of tip vortex core will be determined from applying the constant
pressure condition on tip vortex surface.
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Figure 2.2: Definition ofÆ and points where the induced velocities are evaluated.

The induced velocity,~uwi, on the vortex sheet is given as

2�~uwi =

Z
CV

�qr@ ln r
@n

dl +

Z
Cw

��wr@ ln r
@n

dl (2.8)

Since the integral equation 2.8 shows a numerical instability in the roll-up

region of the vortex sheet, the induced velocity is computed at some slightly offset

points (virtual control points), at local distanceÆ away from the control points, as

shown in Fig. 2.2. This treatment of the roll-up region is similar to that of Krasny

[1987].

The following numerical scheme is used to evaluate the new coordinates of

free vortex sheet at timet +�t.

1. The induced velocities are computed at the virtual control points, as shown in
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Figure 2.3: Re-discretization of vortex sheet and its strength (a) at timet, (b) at time
t+�t, and (c) the re-discretized geometry at timet+�t
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Fig. 2.2, along the vortex sheet for the given geometry and dipole strength at

time t.

2. The velocity at the center of the tip vortex core,~VT ip, is evaluated by tak-

ing the vector sum of the velocity vectors along the circumferential direction

around the tip vortex core.

3. The new locations of the panel mid-points at timet+�t are computed using

an Euler scheme.

~Xi(t+�t) = ~Xi(t) + ~uwi(t) ��t (2.9)

where ~Xi(t) = (xi(t); yi(t); zi(t)).

4. The discretized coordinates of the panel nodal points are computed by using

a cubic spline with respect to the arclength along the vortex sheet that passes

through the computed control points and the center of tip vortex core.

5. The vorticity at the panel nodal point at timet + �t is computed by using

Helmholtz’s first vorticity theorem. As shown in Figs. 2.3-(a) and (b), the

change in circulation between nodal pointsi andi + 1 on the vortex sheet at

time t is

�i+1 � �i =

Z si+1

si


sds =
�si
2

(
i+1 + 
i) (2.10)

, and at timet +�t

�i+1 � �i =

Z s�i+1

s�i


�sds
� =

�s�i
2

(
�i+1 + 
�i ) (2.11)
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Then, the vorticity at each nodal point att + �t is obtained by combining

equations (2.10) and (2.11).


�i+1 = 
�i + (
i+1 + 
i)
�si
�s�i

(2.12)

where
1 = 
�1 = 0 (due to symmetry).

6. With the cubic spline representation forx(t +�t) andy(t+�t), the vortex

sheet is re-discretized to construct the new panel edge points. The spacing

method for the re-discretization is the same as that of the initial geometry

of vortex sheet. In other words, for constant spacing the total arclength is

divided in the same number of equal length segments.

7. The vorticity (
00) which corresponds to the re-discretized nodal point is com-

puted from the cubic spline interpolation of
� overs�. The circulation at each

nodal point is evaluated by the trapezoidal rule integration of vorticity
00.

�00i+1 = �00i +
�s00i
2

(
00i+1 + 
00i ) (2.13)

where�001 = �o Then, the potential at the panel center is evaluated by taking

the mean value of the values at the edge points (Fig. 2.3-(c))

(��w)i =
�00i+1 + �00i

2
(2.14)

8. The boundary value problem is solved for the new geometry and the above

numerical scheme is repeated for the next time step.
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2.3.4 Numerical Results

To validate the numerics of the present method, the convergence of vortex

roll-up motions with number of panel is first investigated for fixed�t, Æ and tip vor-

tex radius. Figure 2.4 shows the convergence of the present method with increasing

number of vortex panels. The vortex roll-up was computed forN = 50, 100, 150

and200 at t = 0:5, with values of�t = 0:01, �o = 2:0, Æ = 10�4 and tip vortex

radiusrT = 0:001. The results of two finest grids,N = 150 and200, agree very

well with each other. As the value ofN increases, the predicted roll-up converges

very quickly to that of the finest grid.

As mentioned in Krasny’s work, the smoothing parameter,Æ, damps the so-

lution, as well as the short-wave instabilities. Thus, by decreasing the value of the

smoothing parameter, the solution becomes unstable. As a result, the introduced

short wavelength perturbation damages the solution accuracy. On the other hand,

using a large smoothing parameter also introduces computational error, and under-

produces the vortex roll-up motion by smoothing the solution too much. Since the

present method introduced a similar parameter,Æ, defined as the distance between

the actual and the numerical control points, it is necessary to investigate the effect

of Æ. The effects of control point location defined as the parameterÆ, are shown

in Fig. 2.5. The large value ofÆ implies that the numerical control point is located

away from the actual control point on the grid, and consequentlyÆ damps the solu-

tions and the short wavelength instabilities. AsÆ decreases, it forms more roll-up

near the vortex tip. By using small enough value ofÆ, converged roll-up shapes are

obtained in the cases ofÆ = 10�4 andÆ = 10�5, as shown in Fig. 2.5.
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The vortex structures with varying tip vortex radius are shown in Fig. 2.6.

The total number of grids on the line vortex isN = 100, �t = 0:01, andÆ = 10�4.

For decreasing radius of the tip vortex, more turns appear in the vortex core region,

and the core region is tightly packed. In the case ofrT = 0:0005 andrT = 0:001,

the differences in the generated vortex spirals are negligible.

The variation of circulations on vortex line fromt = 0 throught = 1:0

are shown in Fig. 2.7. As expected, the vorticity near the end of the vortex sheet

becomes stronger with increasing time.

The computed vortex roll-up over the time interval0 � t � 1:0 for the

elliptically loaded lifting line problem are shown in Figs. 2.8, and are compared

with Krasny’s result [Krasny 1987] which was predicted by using the vortex blob

method. The vortex line rolls up smoothly, and forms complete rotating spiral at

the tip of the vortex. The computed vortex sheet shows more complete turns than

those of Krasny’s results as time progresses. Since the present method used smaller

Æ compared with Krasny’s, the formation of more spirals is expected in the result

of the present method. In Fig. 2.8, it is shown that the tip vortex core moves slowly

inward direction towards line of symmetryx = 0. For a short time, the tip vortex

travels upward until the far-field effect of the other tip vortices becomes stronger,

and finally, the entire vortex sheet moves downward.
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Figure 2.4: Convergence of the predicted vortex roll-up with number of grid at
t = 0:5sec: �t = 0:01, �o = 2:0, Æ = 10�4, andrT = 0:001.
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Figure 2.7: Variation of Circulation distribution on vortex line up tot = 1:0sec:
N = 100, �t = 0:01, �o = 2:0, Æ=10�4, andrT=0:001.
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30



2.4 3-D Hydrofoil Problem

2.4.1 Formulation

A low order boundary element method is applied to align a trailing wake

sheet behind a 3-D hydrofoil. Consider a 3-D hydrofoil which is subject to uniform

inflow, U1, with angle of attack,�. The geometries of hydrofoil and its trailing

wake, and the coordinates system are shown in Fig. 2.9. Since the shapes of the foil

and the wake sheet are symmetric alongxz plane, the boundary value problem is

solved only over the half of the full geometry. The effect of the geometry fory � 0

is considered using a image method. The circular tip vortex is also introduced at

the tip of the wake sheet, which, as in the 2-D case, is assumed to be a solid body.

The perturbation potential on the wetted hydrofoil and the tip vortex is given

by the three dimensional Green’s formula:

2��p =

ZZ
SH[ST

�
�q
@G(p; q)

@nq
� @�q
@nq

G(p; q)

�
dS

+

ZZ
Sw

��w(yq)
@G(p; q)

@nq
dS (2.15)

whereSH , ST andSw represent hydrofoil, tip vortex and wake surface, respec-

tively. Green function,G(p; q), is defined as1=R(p; q), andp andq are the field

and variable points, respectively.~n is a unit normal vector pointing into the fluid

domain.

The perturbation potential on hydrofoil and tip vortex surfaces can be rep-

resented by a continuous source and dipole distribution on the foil and tip vortex

surface, and a continuous dipole distribution on the trailing wake surface. The
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strength of a continuous source (@�
@n

) on the hydrofoil and tip vortex surfaces can be

determined from the kinematic boundary condition :

@�

@n
= ~U1 � ~n (2.16)

The potential jump (��w) on wake surface can be determined using the Kutta con-

dition, which requires flow to be finite at the foil trailing edge [Morino and Kuo

1974].

��w = �+ � �� (2.17)

where�+ and�� are the values of the potential at the suction side and the pressure

side of the foil trailing edge, respectively.

Once the boundary value problem is solved for the perturbation potential,

the induced velocity on the wake surface can be evaluated by directly differentiating

Eqn. 2.15.

~uwi =
1

4�

Z Z
SH[ST

�
�qr @

@nq
(
1

R
)� @�q

@nq
r(

1

R
)

�
dS

+
1

4�

Z Z
SW

��w(yq)r @

@nq
(
1

R
)dS (2.18)

Then, the total velocity on the trailing wake surface is given by

~Vw(x; y; z) = ~U1(x; y; z) + ~uwi(x; y; z) (2.19)

The streamline equation is applied to find the new location of the wake

surface which is aligned with local total velocities.

V x
w

�x
=
V y
w

�y
=
V z
w

�z
= constant =

j~Vwj
�s

(2.20)
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whereV x
w denotes thex-component of the total velocity at the panel center, and

�x is the difference between thex�coordinates of two adjacent panel sides.�s is

defined as a distance between the centers of the two adjacent panel sides:

�s =
p
(xi+1 � xi)2 + (yi+1 � yi)2 + (zi+1 � zi)2 (2.21)

Then, the new coordinates at the(n + 1)th strip are determined as follows:

xn+1 = xn +
V x
w

jVwj�s

yn+1 = yn +
V y
w

jVwj�s (2.22)

zn+1 = zn +
V z
w

jVwj�s

The procedure of solving the boundary value problem (by using Eqn. 2.15) and

aligning the wake geometry (by using Eqn. 2.22) is repeated until the wake geom-

etry is converged.

2.4.2 Numerical Results

� Elliptic hydrofoil

The 3-D wake alignment method is first applied in the case of a 3-D elliptic

hydrofoil in steady flow to validate the numerical result of the trailing wake roll-up

and contraction. The foil cross section shape is NACA662�415 anda = 0:8 mean

camber line. The thickness to chord ratio,tmax=C, is 15%, the aspect ratio, and

angle of attack areAR = 3:0 and10o, respectively. In Fig. 2.10, the converged

geometry of the wake sheet behind the elliptic wing is shown. The figure shows
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Figure 2.10: The converged wake geometry behind an elliptic wing:AR=3:0,
tmax=C=0:15, and�=10o.

clear contraction and 3-D roll-up of the trailing wake. The convergence of the

trailing wake geometries with number of panels is shown in Fig. 2.11. The wake

sections atx=R = 0:20 andx=R = 3:67 are compared with varying spanwise

number of panels (panels are distributed along the half span) for fixed chordwise

panels (60 panels from trailing edge on the face to trailing edge on the back). As the

number of panels along the spanwise direction increases, the sectional wake sheet

geometry appears to converge to a limit of finest panels. Also, note that the wake

ends obtained from different number of panels are located almost at the same point.

Therefore, the trajectory of tip vortex core, which is important for the prediction of
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the tip vortex cavity, can be predicted within reasonable accuracy by using a small

number of panel.

Figures 2.12 and 2.13 show the convergence of the wake sectional shapes

with number of iterations at the locationx=R = 2:0 andx=R = 4:5. The conver-

gence was tested for60 � 40 panels. As shown in the figures, the wake geometry

converges very quickly with increasing number of iterations.

The convergence of the circulation distribution with increasing number of

panels is shown in Fig. 2.14. In addition, the circulation distribution corresponding

to the initial straight wake geometry, in which the tip vortex model is not included,

is depicted. Regardless of the number of panels, the circulation distributions agree

well with each other. Note that the circulation of the aligned wake geometry with

tip vortex model is finite at the foil tip, while the circulation of the initial wake

geometry without the tip vortex model approaches “zero”.

In figure 2.15, the tip vortex trajectory computed by the current method is

compared with the trajectory of tip vortex cavity measured by [Arndt et al. 1991].

The thick line of the experimental result indicates the extent of variation of the tra-

jectory for different physical parameters. Those experimental results range from

3:0o � � � 12:0o, 5:3 � 105 � Re � 10:4 � 105, and the cavitation number,�,

ranges from 0.26 to 3.19. According to Arndt’s experiments, the tip vortex trajec-

tory is almost independent of cavitation number. The tip vortex trajectory under

non-cavitating conditions can be considered the same as that observed under cav-

itating conditions. The tip vortex cavity trajectory shown in Fig. 2.15 is currently

computed under non-cavitating conditions, and shows good agreement with that
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Figure 2.11: Convergence of wake sheet with number of panels at (a) x/R = 2.0,
and (b) x/R = 3.67:AR=3:0, tmax=C=0:15, and�=10o.
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measured in the experiment.

� Rectangular hydrofoil

Next, a rectangular hydrofoil withAR = 8, tmax=C = 0:01 is considered to

validate the method by comparing with other numerical methods. The foil is subject

to uniform inflow with angle of attack,� = 10o. The rectangular hydrofoil, and the

initial and the converged wake geometries are shown in Fig. 2.16. The converged

wake geometry shows roll-up and contraction near the wake tip region.
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(a) Initial geometry

(b) Converged geometry

Figure 2.16: Rectangular hydrofoil, and (a) the initial wake and (b) the converged
wake:tmax=C=0:01,AR=8:0, and60� 20 panels on hydrofoil.
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The aligned wake cross sections predicted by the present method are com-

pared with those obtained from other numerical methods which used a high order

panel method. [Suciu and Morino 1977] predicted wake geometry using a geomet-

ric high order panel method, which used constant dipole distributions, and quadri-

lateral hyperboloidal panels on the foil and wake surfaces. On the other hand, [Pyo

1995; Pyo and Kinnas 1997] used a constant source and dipole distribution on the

foil surface, and bi-quadratic strength dipole distribution on the wake surface. They

also used quadrilateral hyperboloidal elements on the foil and wake surfaces. The

wake cross section geometries are compared with those predicted by high order

BEM at two different downstream locations, as shown in Fig. 2.17. The down-

stream locations where the wake geometries are computed, are at 4 and 9 times

chord length downstream from the foil trailing edge. As expected, Pyo and Kinnas

method produces more concentrated roll-up motion than the other methods, since

his method uses cosine spacing to concentrate more panels near wake end and bi-

quadratic dipole distribution for the velocity calculation. The wake cross section

shapes near roll-up region predicted by all three methods show discrepancies in

roll-up shapes and its sizes at both locations. However, the rest of the wake sheet

geometries and the locations of the tip vortex cores predicted by present method

compare well with those computed by high order methods.

The effect of inflow angle of attack on the wake cross section shapes are

presented in Fig. 2.18. The predicted wake cross sections are compared with those

computed by [Suciu and Morino 1977] for� = 5o, 10o, and15o. The wake section

shapes are computed at 9 times chord length downstream behind foil trailing edge.
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Figure 2.17: Comparison of the predicted wake cross section with those obtained
from high order BEMs at (a)(x � xTE)=Co = 4, and (b)(x � xTE)=Co = 9:
tmax=C = 0:01,AR=8:0, � = 10o, and60� 20 panels on hydrofoil.
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Even though the result for� = 15o is unrealistic, since flow may separate at this

high inflow angle, the comparison is performed to investigate the stability of the

present method. The predicted wake geometries at each angle show good agreement

with those of [Suciu and Morino 1977] except at the near roll-up region. However,

the same locations of the tip vortex core are predicted from both methods.
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Figure 2.18: Comparison of the predicted wake cross sections with high order
BEMs at(x � xTE)=Co = 9 with varying inflow angles. (a)� = 5o (b) � = 10o,
and (c)� = 15o: tmax=C = 0:01, AR=8:0, and60� 40 panels on hydrofoil.
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2.5 Propeller Problem

2.5.1 Definition

Consider a propeller subjected to a non-axisymmetric inflow~Uw(x; r; �)3,

which rotates at a constant angular velocity~!.

The modeled geometries of propeller blade, hub, bulb and tip vortex core,

and trailing wake, and the coordinate systems are shown in Fig. 2.19. Notice that

the conical bulb and the cylindrical tip vortex core are introduced at the blade and

wake tip ends. The solution is determined in the(x; y; z) coordinate system, which

is rotating with the propeller. Then, the total inflow velocity relative to the propeller

is

~Uin(x; y; z; t) = ~Uw(x; r; � � !t) + ~! � ~x(x; y; z) (2.23)

wherer =
p
(y2 + z2) and� = tan�1(z=y).

2.5.2 Formulation

Based on potential flow assumptions (inviscid and irrotational), the potential

�p at arbitrary point,p, on the body must satisfy the Green’s third identity.

2��p(t) =

ZZ
SB[ST

�
�q(t)

@

@nq(t)

�
1

R(p; q)

�
� @�q(t)

@nq(t)

�
1

R(p; q)

��
dS

+

ZZ
Sw

��w(rq; �q; t)
@

@nq(t)

�
1

R(p; q)

�
dS (2.24)

whereR(p; q) is the distance between the field pointp and the variable pointq.

~nq(t) is the unit normal vector to the surfaces of the propeller and the wake, and

3The inflow ~Uw(x; r; �) is assumed to be effective wake,i.e. it includes the interaction between
the vorticity in the inflow and the propeller [Kinnas et al. 2000].
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Figure 2.19: Propeller subjected to a general inflow. The propeller fixed(x; y; z)
and ship fixed(xs; ys; zs) coordinates are shown.
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points into the fluid domain.��w is the potential jump across the wake surface

Sw. Also, SB andST denote fully wetted blade and hub, and tip vortex surfaces,

respectively.

Equation (2.24) implies that the perturbation potential�p(t) at time t on

the propeller surface can be expressed by distributing sources and dipoles over the

blade and the hub, and only dipoles on the wake surface. The strength of the source

distribution is known from the kinematic boundary condition on the body surface,

which means that the flow should be tangent to the surface of blade, hub, and tip

vortex.
@�

@n
= �~Uin � ~n (2.25)

2.5.3 Dipole Strength on Trailing Wake

The dipole strength of the trailing wake can be implicitly determined as a

part of the solution for integral equation (Eqn. 2.24) by applying the Kutta condi-

tion, which requires the velocity to be finite at the trailing edge of the blade [Morino

and Kuo 1974].

��w = �+ � �� (2.26)

where�+ and�� are the values of the potential at the suction side and the pressure

side of the blade trailing edge, respectively.

In steady state (t < 0), the trailing wake strength is assumed to be invariant

along the trailing wake sheet, as

r�sw(r) = �+(r; t < 0)� ��(r; t < 0) (2.27)
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As shown in equation (2.27), the steady state is considered ast < 0, and the pro-

peller is subject to the circumferentially averaged mean inflow.

In the unsteady state, however, the dipole strength,��, in the wake is con-

vected along the assumed wake surface with angular speed! in order to ensure that

the pressure jump in the wake is equal to zero [Kinnas and Hsin 1992], i.e.,

��w(r; �; t) = ��w

�
r; t� � � �T (r)

!

�
; t � � � �T (r)

!

��w(r; �; t) = ��sw(r); t <
� � �T (r)

!
(2.28)

wherer and� are the cylindrical coordinates of the wake surface, and�T is

the � coordinate of the blade trailing edge at radiusr. ��sw(r) is the steady flow

potential jump in the wake when the propeller is subject to the circumferentially

averaged inflow.

Since the dipole and source strengths on the blade and hub panels, and the

dipole strengths on the wake panels are already known from the previous solution,

the induced velocity on the trailing wake panels can be computed by using the

Green’s formula. Note that the dipole strengths on the wake surface along each

strip are constant in steady flow, but those strengths are convected downstream with

time in unsteady flow.

The induced velocity on the wake surface is given by

~uwi(t) =
1

4�

Z Z
SB(t)[ST (t)

�
�q(t)r@G(p; q)

@nq(t)
� @�q(t)

@nq(t)
rG(p; q)

�
dS

+
1

4�

Z Z
SW (t)

��w(rq; �q; t)r@G(p; q)
@nq(t)

dS (2.29)
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whereG(p; q) = 1=R(p; q) is the infinite domain Green’s function.

The total velocity on the wake surface is determined by adding the total in-

flow velocities,~Uin(x; y; z; t), and the induced velocities,~uwi(x; y; z; t), computed

from equation (2.29).

~Vw(x; y; z; t) = ~Uin(x; y; z; t) + ~uwi(x; y; z; t) (2.30)

2.5.4 Unsteady Wake Alignment

The following numerical method is implemented to compute the aligned

wake geometry which satisfies the force-free condition on the wake surface.

� steady mode (t < 0)

1. Solve the steady Boundary Value Problem (BVP) with purely helical

wake without any modeling of the contraction and the roll-up at the

blade tip.

2. Calculate the induced velocities on wake surface by directly applying

Eqn. 2.29 at the displaced control points. The dipole strengths on the

blade and the assumed tip vortex core surfaces are known from the BVP

solution.

3. Compute the mean velocity, (~VT ip), at the center of the tip vortex core,

and interpolate the total velocities at the panel edges to the control points

on the wake surface.

4. Find the new wake coordinates by aligning with the total local veloci-

ties. The time step size,Æt, of the shed vorticity is determined from the
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angular increment of the discretized wake sheet.

Æt =
Æ�

!
=

Æ�

2�n
(2.31)

where! is the propeller rotational speed (radian per unit time). The new

coordinates at(n+ 1)th strip are determined by the following equation.

xn+1 = xn + V x
w Æt

yn+1 = yn + V y
wÆt (2.32)

zn+1 = zn + V z
wÆt

5. Solve the BVP again with the updated wake geometry, and align the

wake geometry until the difference of the wake geometries between two

consecutive iterations is within a given criterion.

6. Save the wake geometry, and dipole strengths on blade (�(x; y; z; t <

0)), and wake panels (��(x; y; z; t < 0)) for the unsteady wake align-

ment process. These steady results are the initial values for the unsteady

problem, which is described below.

� unsteady aligning mode (t � 0)

1. Set the initial wake geometries of key and other blades, which are as-

sumed to be the same as those aligned in the steady mode.

2. Solve the unsteady BVP for the potentials on key blade and tip vortex

core with updated wake geometries. In unsteady analysis, the BVP is

solved only for the potential of key blade and the tip vortex cavity. The
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influence of the other blades on the key blade is accounted for in a pro-

gressive manner by using the solution from the previous time step where

the key blade was in the position of that blade.

3. Compute the induced velocities at the control point on the key blade

wake.

4. Update the key blade wake geometry by using the same method which

is explained in (4) of steady mode.

5. Solve the BVP again with the aligned wake of key blade, and determine

the dipole strengths of key blade and its wake panels.

6. Save�(t), ��(t), and the aligned key wake geometry.

7. Move to the next time step (t+1). Update the wake geometries,�(t+1),

and��(t + 1) of the other blades from the previously saved data.

8. Repeat unsteady mode steps from (2) to (7) until the key wake geometry

is converged.

� fully unsteady mode:this mode does not perform wake alignment, but uses

the aligned wake as predicted in the previous mode.

1. Update wake geometries of key and other blades corresponding to the

time stept from the results of unsteady aligning mode run.

2. Update the�(t), and��(t) of other blades and wakes at the correspond-

ing time step.
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3. Repeat solving BVP by updating�(t), and��(t) until the last revolu-

tion.

In order to obtain the converged wake geometry and the forces, the unsteady

aligned mode is repeated up to 2 revolutions, and the fully unsteady mode is solved

at least up to 4 revolutions.

2.5.5 Numerical Results

The current wake alignment method is applied to determine the trailing

wake sheets of marine propellers, in which the wake sheet is determined in fully

unsteady manner.

DTMB N4119 propeller

DTMB N4119 propeller is a simple three bladed propeller. The blade has

no skew, and the blade section has a NACA 66 modified thickness form and a=0.8

mean camber line distribution. Since inflow is considered to be uniform, the wake

is aligned only in steady wetted state, and the design advance ratio,Js, is equal to

0.833.

Initially, the trailing wake sheet is assumed to be a spiral helix which sheds

from the blade trailing edge with the given pitch angles at each radius of propeller

blade. The hub effect is not included in this calculation. The aligned trailing wake

sheet is given in Fig. 2.20, which shows roll-up and contraction of the vortex core as

it sheds downstream from blade trailing edge. Since the flow is uniform, the wake

geometries of the three blades are identical and equal to those of steady results.
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Figure 2.20: The aligned wake geometry of DTMB N4119 propeller atJs = 0:833.

In Fig. 2.21, the comparison of the predicted tip vortex trajectory with those

measured and computed using other numerical method is shown. The tip vortex

trajectory marked as a high order BEM has been computed by [Pyo 1995; Pyo and

Kinnas 1997] using FLAG (FLow Adapted Grid) method. The predicted trajectory

compared well with that measured in the experiment [Jessup 1989], and with that

predicted by the high order BEM.
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Figure 2.21: Comparison of tip vortex core trajectories with experiment and high
order method for DTMB N4119 propeller atJs = 0:833.
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DTMB N4661 propeller

The wake alignment algorithm is applied to generate the unsteady wake

geometries of DTMB N4661 propeller. DTMB N4661 is a five bladed propeller

with a high skew distribution. [Boswell et al. 1984] performed experiments used

DTMB N4661 propeller to analyze the propeller forces and moments under inclined

inflow conditions. Also, [Kinnas and Pyo 1999] numerically investigated the effects

of inflow inclinations by using the vortex lattice method, in which the trailing wake

sheet was inclined by the inflow angle.

To investigate the performance of the numerical scheme in the case of un-

steady wake alignment, an inclination angle� = 10o is considered. The axial

velocity component for this case is equal tocos 10o at the zero-th harmonic, the

first cosine harmonic of the radial velocity component is equal tosin 10o, and the

first sine harmonic of the tangential velocity component is equal to� sin 10o. The

numerical calculation is performed atJs = 1:0 andFn = 4:0.

The aligned wake geometries at several angles of the key blade position are

shown in Fig. 2.22. At each angular position, the trailing wake moves upward due

to the inclined inflow and rolls up near the tip region. The projected views of the

aligned wakes are shown in Fig. 2.23, which clearly demonstrate the inclination of

the wake sheet. It is interesting to note that the calculated wake inclination angle

(= 6:7o) is different from that of the inflow inclination angle (= 10o)

The convergence of the unsteady thrust and torque with number of iterations

(or revolutions) is shown in Fig. 2.24. In this method, the problem is solved only
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Figure 2.22: The key blade and aligned wake geometries for DTMB N4661 pro-
peller:Js = 1:0, Fn = 4 and� = 10o.
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Figure 2.23: The projected view of aligned wake geometries for DTMB N4661
propeller:Js = 1:0, Fn = 4 and� = 10o.
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for the key blade (or main blade), and the effects of the other blades on the key

blade are considered in a progressive manner. Therefore, the BVP is solved for

several revolutions until the converged unsteady forces are achieved. The steady

forces which are computed for the circumferentially averaged mean inflow are also

shown. In other words, the steady result includes the effect of the axial component

of the inflow, but the radial and the tangential components are excluded. The thrust

and torque coefficients are defined as follows:

Thrust CoeÆcient (KT ) =
T

�n2D4

Torque CoeÆcient (KQ) =
Q

�n2D5
(2.33)

whereT andQ represent the propeller thrust and torque, respectively. As expected,

an inclined inflow results in sinusoidal thrust and torque distributions with blade

angle. The effect of unsteady term,@�
@t

, in Bernoulli’s equation is not activated until

the third revolution to avoid the instability of results, and that is why theKT and

KQ curves show a shift at the third revolution.

In order to clarify the dependence of the present method on the computa-

tional parameters, the convergence of unsteady fully wetted thrust and torque coef-

ficients are examined with number of panels and time step size. The convergence

of forces with increasing number of panels is shown in Fig. 2.25. Even in the case

of 40� 20 panels, the predictedKT andKQ agree well with those of the finest grid

(60� 40).

The convergence of the unsteady wetted forces with varying time step size

is shown in Fig. 2.26. The blade angle increment,��, shown in figure is directly
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related to the time increment as follows:

�� = !�t (2.34)

The predicted forces converge with decreasing time step size.

In Figs. 2.27 and 2.28, the first harmonic amplitudes of the forces acting

on one blade of the DTMB N4661 propeller for inclination angles� = 10o and

� = 20o, are shown, respectively. The measured forces by [Boswell et al. 1984]

are shown with those predicted by the current method and the vortex lattice method

(MPUF-3A) [Kinnas and Pyo 1999]. The forces predicted by both vortex lattice

method and the current method agree well with those measured in the experiment.

For the inclination angle� = 10o and higher advance ratio, MPUF-3A predicts

more accurately the axial force and tangential moment than the current method.

However, the tangential force and axial moment predicted by the present method

compare much better with the experimental measurements than those predicted by

MPUF-3A. Notice that for lowerJ ’s the present method predicts all forces and

moments more accurately. As the inclined angle increases from10o to 20o, the

remarkable agreement of the current method with the experiment is evident for

the all force components. This implies that the fully unsteady wake alignment is

necessary to predict accurately forces and moments when the propeller is operating

in non-axisymmetric and inclined inflow.

DTMB N4148 propeller

Finally, the convergence of the method is studied for the DTMB N4148 pro-

peller. The geometry of DTMB N4148 propeller and the aligned wake geometry is

61



BladeAngle (Degree)

K
T

K
Q

0 90 180 270 360

-0.16

-0.12

-0.08

-0.04

0 0

0.004

0.008

0.012

0.016

0.02

iter=1
iter=2
iter=3
iter=4

KQ

KT

STEADY KQ

STEADY KT

Figure 2.24: Convergence of unsteady fully wetted thrust and torque coefficients
with number of propeller revolutions for DTMB N4661:Js = 1:0, Fn = 4, � =
10o, and60� 20 panels.

62



BladeAngle (Degree)

K
T

K
Q

0 90 180 270 360

-0.16

-0.12

-0.08

-0.04

0 0

0.004

0.008

0.012

0.016

0.02

40 x 20
60 x 20
60 x 30
60 x 40

KQ

KT

Figure 2.25: Convergence of unsteady fully wetted thrust and torque coefficients
with number of panels for DTMB N4661:Js = 1:0, Fn = 4, and� = 10o.
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Figure 2.26: Convergence of unsteady fully wetted thrust and torque coefficients
with time step sizes for DTMB N4661:Js = 1:0, Fn = 4, � = 10o, and60 � 20
panels.
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Figure 2.27: The first harmonic of the forces and moments acting on one blade for
DTMB N4661:Js = 1:0, Fn = 4, � = 10o, and60� 20 panels.
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Figure 2.28: The first harmonic of the forces and moments acting on one blade for
DTMB N4661:Js = 1:0, Fn = 4, � = 20o, and60� 20 panels.
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Figure 2.29: Propeller geometry, and its aligned wake geometry for DTMB N4148
propeller.

shown in Fig. 2.29. Figure 2.30 shows a non-axisymmetric inflow wake used for

the analysis of the DTMB N4148 propeller. It is a conventional three bladed pro-

peller. The non-axisymmetric inflow (oreffective wake) which corresponds to the

wake in [Mishima et al. 1995] with the effects of the tunnel walls and vortical in-

flow/propeller interactions is taken into account by using WAKEFF-3D. The tested

condition inside the tunnel isFn = 9:519 andJs = 0:9087. [Choi and Kinnas

1998].

Figure 2.31 shows the aligned wake geometries corresponding to the angles

of key blade positions. The wake geometries are depicted at the four key blade

positions :0o, 90o, 180o, and270o. Since the inflow wake is non-axisymmetric, the

predicted wake geometries are different from each others.
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Figure 2.30: Non-axisymmetric inflow wake for DTMB N4148 propeller.
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(a) θ = 0o

K

(b) θ = 90o
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K

Figure 2.31: The aligned wake geometries at each key blade position for DTMB
N4148 propeller. (a)� = 0o, (b) � = 90o, (c) � = 180o, (d)� = 270o: Fn = 9:519
andJs = 0:9087. K signifies the key blade.
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Figure 2.32: Convergence of unsteady fully wetted thrust and torque coefficients
(per blade) with number of panels for DTMB N4148 propeller:Js = 0:9087 and
Fn = 9:159. Fully unsteady wake alignment

The dependence of the unsteady fully wetted blade forces on the panel dis-

cretization is shown in Fig. 2.32. The predicted blade forces are more sensitive to

the number of panels in the spanwise direction than those in the chordwise direc-

tion. As shown in figure, the result of40 � 20 panels shows better prediction than

that of50� 10 panels.

The convergence of unsteady fully wetted forces with time step sizes are

shown in Fig. 2.33. The predicted forces are compared for three time step sizes :
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Figure 2.33: Convergence of unsteady fully wetted thrust and torque coefficients
(per blade) with time step sizes for DTMB N4148 propeller:Js = 0:9087 and
Fn = 9:159. Fully unsteady wake alignment

4o, 6o, and8o. As shown in the figure, the results are not much dependent on time

step size.

2.6 Summary

A low order boundary element method has been applied to predict the vortex

motion of elliptically loaded lifting line, and the geometries of trailing wakes of 3-D

hydrofoils and marine propellers in steady and unsteady flow. Details of the formu-
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lation and numerical treatment for the alignment of the vortex sheet were presented.

The numerical results obtained from the present method were compared with those

from experiments. The dependence of the results from the present method on the

numerical parameters, such as number of panels, time step size and number of iter-

ations, were studied to a great extent.

In order to avoid the instability in evaluating the induced velocities on vortex

(wake) sheet, the modeling of finite core tip vortex with circular cross section shape

was introduced at the tip of wake sheet. In addition, the induced velocities on the

wake sheet were evaluated at slightly deviated points instead of the actual control

points on the panels.

The induced velocities on the wake surface were computed directly from

the differentiated Green’s formula. Also, the velocities around the tip vortex core

were evaluated by numerically differentiating the given potentials around the tip

vortex core. The new wake surface and the trajectory of the tip vortex core were

determined by satisfying the force-free condition on the wake sheet. Numerical

validation studies have been performed for the following three problems :

� Elliptically loaded lifting line problem

The method was applied to create the roll-up of an elliptically loaded lifting

line. The convergence with number of panels was studied, and the effects of the

tip vortex radius andÆ were also investigated. The method appeared to converge

quickly with number of panels. The results showed that a small value ofÆ and tip

vortex radius were required to create more stable and complete vortex turns. The
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comparison with Krasny’s results was also presented. The general shapes of vortex

sheets and rolls-up compared well with each other, however, the present method

produced more turns than those of Krasny’s due to the use of smaller smoothing

value,Æ.

� 3-D hydrofoil problem

Next, the method was applied to predict the trailing wake shape of 3-D

hydrofoils: one elliptic and one rectangular hydrofoil.

In the case of the elliptic hydrofoil, the convergence of trailing wake ge-

ometries with number of panels, and number of iterations were investigated. The

trajectory of the tip vortex core was compared with that measured in an experiment.

The method produced very quick convergences with number of panels and itera-

tions. The comparison of vortex trajectory showed good agreement with that of the

experiment.

In the case of rectangular hydrofoil, the predicted wake sheets were com-

pared with those obtained from high order BEM. Some discrepancies were shown

in the roll-up shapes obtained from the present method and the high order methods.

However, the rest of the wake shape and the location of tip core predicted by present

method agree well with those from the high order methods.

� 3-D propeller problem

Finally, the tip vortex trajectory of DTMB N4119 propeller subjected to

uniform inflow was compared with those obtained in experiment and from high
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order BEM. DTMB N4661 propeller subjected to an inclined inflow was used to

predict the fully unsteady wake geometries The convergence of propeller thrust

and torque were studied with number of panels, iterations and time step size. The

predicted thrust and torque were found to converge very well. Also, the blade force

harmonics predicted by the present method were compared with those obtained

from the experiment and lifting surface method. The present method predicted

more accurate force harmonics than the lifting surface method, specially at low

J ’s and high angles of inclinations. The force convergence with number of panels

and time step size were studied for DTMB N4148 propeller, in non-axisymmetric

inflow. The clear unsteadiness was shown in the predicted wake geometries with

varying location of key blade.

Since the calculating influence coefficients and solving matrix are repeated

at each iteration steps and each time steps for the unsteady wake alignment, it re-

quires a lot of CPU times and computer memory. Example of required CPU times

for DTMB N4148 propeller in steady and unsteady analysis is shown in Table 2.1.

Blade Grid Tip Vortex Grid Steady Unsteady
40x10 60x10 10.5 min. 3.0 hours
60x20 60x10 29.0 min. 11.0 hours
80x40 60x10 170.0 min. 47.0 hours

Table 2.1: Approximate CPU time required on a COMPAQ DS20E with 2-833
MHz Processor (approximately 3-times as fast as an 1-GHz Pentium PC) for
wake alignment for DTMB N4148 propeller subjected to non-axisymmetric inflow.:
Js=0.9087,Fn=9.159,�� = 6o, 6 revolutions for unsteady analysis.
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Chapter 3

Blade Sheet and Developed Tip Vortex Cavitation

3.1 Previous Research

In this section previous research on the modeling of cavitating flows on

hydrofoils and marine propellers is reviewed.

3.1.1 Partially or Super-cavitating Hydrofoils

� Linearized Cavity Theory

A linearized cavity theory for the analysis of 2-D supercavitating hydrofoils

was introduced by Tuline at zero cavitation number [Tulin 1953], and at non-zero

cavitation number [Tulin 1955]. Linear theory was also applied to the partially cav-

itating hydrofoils by [Acosta 1955; Geurst and Timman 1956]. In linear theory, the

cavity and foil thickness were assumed to be thin relative to the foil chord length.

The dynamic boundary condition requiring a constant total velocity on the cavity

surface was simplified by satisfying the condition that the horizontal perturbation

velocity was constant. The dynamic and kinematic boundary conditions were ap-

plied on the projection of the hydrofoil surface on the free stream axis.

Contrary to the experimental evidence, however, linear theory predicts the

increasing cavity extent and volume with increasing foil thickness at the same flow
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conditions. The breakdown of linear theory near a round leading edge was recently

accounted by introducing a nonlinearleading edge correctionby [Kinnas 1991].

� Vortex Lattice Methods (VLM)

[Widnall 1966] first employed a numerical pressure doublet and source lift-

ing surface technique for the analysis of supercavitating three dimensional hydro-

foils in unsteady flow. [Jiang and Leehey 1977] applied a discrete vortex and source

lattice lifting surface method, and introduced an iterative scheme to determine the

cavity planform by imposing a uniform pressure condition on the cavity along the

chordwise as well as the spanwise direction. The partially cavitating [Kinnas 1984]

and supercavitating [Kinnas 1985a] hydrofoil problems were numerically solved

by using the source and vorticity distribution. Later, this method was extended to

include non-linear leading edge corrections in the case of the partially cavitating

[Kinnas 1985b], and in the case of the supercavitating hydrofoils [Fine and Kinnas

1993b] with arbitrary detachment on both sides of the hydrofoil.

� Boundary Element Method (BEM)

The velocity based BEM, or the potential based BEM have been applied on

partially and super-cavitating hydrofoils.

The velocity based BEM was used by [Pellone and Rowe 1981] for 2-D and

3-D super cavitating hydrofoils, by [Uhlman 1987, 1989] for 2-D partially and super

cavitating hydrofoils. [Lemonnier and Rowe 1988] applied the velocity based BEM
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for partially cavitating 2-D hydrofoils, and [Achkinnadze and Krasilnikov 2001] for

partially cavitating 3-D hydrofoils.

The potential based BEM for the prediction of nonlinear partial and super-

cavity on 2-D and 3-D hydrofoils was developed by [Kinnas and Fine 1990, 1993;

Fine and Kinnas 1993b]. Their method was extended by [Kinnas et al. 1994] to pre-

dict the viscous flow around cavitating hydrofoils by coupling inviscid BEM with

boundary layer solver [Esposito and Salvatore 2000; Salvatore and Esposito 2001].

Recently, the free surface effect on 2-D and 3-D cavitating hydrofoils moving with

constant speed under the free surface was presented by [Bal et al. 2001].

A similar cavity prediction method was developed and applied for 2-D par-

tially and super cavitating hydrofoils by [Lee et al. 1992] , and for 3-D steady and

unsteady cavitating hydrofoils by [Kim et al. 1994]. Also, the potential based BEM

was applied for the heave and sinusoidal gust motion of a cavitating hydrofoil under

a free surface by [Kim and Lee 1993] for 2-D cavitating hydrofoils, and by [Ando

and Nakatake 2001] for 3-D hydrofoils.

3.1.2 Blade Sheet Cavitation on Propellers

� Vortex Lattice Method (VLM)

A VLM using the linearized cavity theory was developed to analyze 3-D

unsteady sheet cavitation of marine propellers subjected to non-uniform inflows by

[Lee 1979, 1981; Breslin et al. 1982]. However, the linear theory predicts longer

cavity extent as the blade thickness increases, and that is contrary to the non-linear
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theory [Uhlman 1987] as well as the short cavity theory [Tulin and Hsu 1980]. The

method of [Lee 1979; Breslin et al. 1982] (with the corresponding code called PUF-

3), was then modified to take into account the non-linear blade thickness effect [Ker-

win et al. 1986] by introducing theleading edge correction[Kinnas 1985b, 1991]

(the revised code was renamed to PUF-3A). In [Kinnas and Fine 1989], PUF-3A

was extended to predict unsteady partial sheet cavitation with prescribed mid-chord

and/or face cavity detachment. Their method was extended to treat supercavitating

propellers subjected to steady flow by [Kudo and Kinnas 1995]. The search algo-

rithm for cavity detachment in the case of back mid-chord cavitation was added

by [Kinnas et al. 1999] (the revised code was renamed MPUF-3A). The hub ef-

fects using the image method [Kinnas and Coney 1992], the effect of the nonlinear

thickness-loading coupling [Kinnas 1992], a B-spline representation of the blade

geometry [Mishima and Kinnas 1996], and the wake alignment in uniform and in-

clined inflow [Kinnas and Pyo 1997, 1999; Lee and Kinnas 2001b] have been also

incorporated in MPUF-3A.

� Boundary Element Method (BEM)

Since the BEM discretizes the exact blade surface instead of the mean cam-

ber surface, the BEM inherently includes the effect of thickness-loading coupling.

As a result, the BEM predicts more accurately the pressures and cavity flow details

at the propeller leading edge, trailing edge, and tip, where the linear cavity theory

breakdowns in the VLM. The BEM uses more panels near the blade leading and
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trailing edges to observe the flow details, and eventually requires more CPU time

and computer memory.

BEM has been applied extensively for the analysis of propeller performance

and has been very successful in steady and unsteady non-cavitating conditions.

[Hess and Valarezo 1985] adopted the velocity based BEM to compute the steady

flow field around a propeller. [Lee 1987; Kerwin et al. 1987] used the perturbation

potential based BEM for the analysis of propeller in steady flow. The unsteady

performance of marine propeller has been solved by [Hsin 1989; Kinnas and Hsin

1992], in which the hyperboloidal geometry panel was used for more accurate ex-

pressions of the influence coefficients in the case of highly skewed propellers.

Non-linear potential based BEM was first applied for the analysis of the cav-

itating propeller subjected to non-axisymmetric inflows by [Kinnas and Fine 1992;

Fine and Kinnas 1993a]. The method was initially developed to predict propeller

back cavitation with prescribed cavity detachment location, and the correspond-

ing code was named PROPCAV. [Kim and Lee 1996] developed a similar BEM to

predict the unsteady cavitating propeller performance. PROPCAV was extended

to predict face and/or back cavitation with searched cavity detachment by [Kinnas

et al. 1997; Mueller and Kinnas 1997; Mueller 1998; Mueller and Kinnas 1999],

and to treat the mixed partial and supercavity patterns on both face and back sides

of the blade simultaneously by [Young and Kinnas 1999b, 2001a]. Recently, PROP-

CAV was further extended to treat supercavitating propellers with finite thickness

trailing edge as well as surface piercing propellers by [Young and Kinnas 2001b;

Young 2002; Young and Kinnas 2002],
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3.1.3 Tip Vortex Cavitation

Most research on tip vortex cavitation was initially focused on the develop-

ment of correlations of cavitation inception between model and prototype. More re-

cently there have been attempts to determine cavitation inception based on Reynolds

Averaged Navier-Stokes method. A more recent work [Hsiao and Chahine 2002]

determines bubble entrainment in a propeller tip vortex and its effect on cavitation

inception.

The prediction of tip vortex cavitation on vortex systems trailing from lift-

ing surfaces was first studied by [McCormick 1954, 1962] using a semi-empirical

formulation. He assumed that the boundary layer thickness,Æ, developed over the

lower surface of the wing at the tip of the trailing edge and the thickness of the start-

ing vortex sheet (or vortex core radius,a) are the same. In addition, he proposed

a power law relation,Æ / Re�n, between the boundary layer thickness,Æ, and the

local Reynolds number,Re1. He obtained a value ofn = 0:35 from experimental

data, and later it was turned out to ben = 0:4. A value ofn = 0:4 appeared reason-

able for a transitional boundary layer [Arndt and Dugue 1992; Naubes and Arndt

1997], since that value is 0.5 for the laminar, and 0.2 for the turbulent boundary

layer over flat plate [Schlichting 1979]. Although McCormick’s empirical formula

has shown disagreement with experimental results, his suggestion that vortex core

radius is proportional to the boundary layer thickness, has been widely used, and

1According to the definition in [McCormick 1954, 1962],Re = V Cm=� is a local Reynolds
number based on mid span chord, whereV is the incoming flow velocity,� is the kinematic viscosity,
andCm is the mid span chord of the foil.
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led to the relation for a turbulent boundary layerÆ / Re�0:2 [Billet and Holl 1981;

Fruman et al. 1992, 1995; Astolfi et al. 1999].

The minimum pressure,�CPmin , at the cavity core has to vary as(�=a)2,

and the vortex strength� depends on the lift coefficient (Cl) of foil. From the

relation between minimum pressure, cavity core radius, and vortex strength, the

scaling relation has been predicted as

CPmin / �KC2
l Re

m (3.1)

whereK is the positive constant depending on the foil section geometry. [Mc-

Cormick 1962; Platzer and Souders 1980] proposedm = 0:36, and later that value

was corrected asm = 0:4 for the three-dimensional hydrofoil with elliptic loading

by [Billet and Holl 1981; Fruman et al. 1992, 1995; Astolfi et al. 1999]. In [Hsu

1991], the correlation law withm = 0:64 was applied for marine propellers, which

are based on typical propeller series.

The influences of air and nuclei content on tip vortex cavitation inception

were investigated for elliptic hydrofoils by [Arndt et al. 1991; Arndt and Keller

1992]. They observed that tip vortex cavity trajectory is independent of the phys-

ical parameters such as angle of attack, Reynolds number, cavitation number and

dissolved gas content [Arndt et al. 1991]. [Gowing et al. 1995; Brianc¸on-Marjolet

and Merle 1996] also investigated the effects of oxygen and nuclei content on tip

vortex cavitation.

[Szantyr 1994] tried to model tip vortex cavitation based on the Rankine

vortex model, assuming that the vorticity is concentrated inside a vortex core. In

83



his model, the flow field outside the vortex core is irrotational, and the core itself

rotates as a rigid body which is modeled by the source distribution. He estimated

the diameter of a cavitating tip vortex by using the following formula,

DTV =

�
2

�

�1=2
�

�U1
(3.2)

where� is the vortex strength of the trailing wake.

[Rule and Bliss 1998] developed a numerical model of a fully developed

trailing vortex with a viscous core. [Kinnas et al. 1998; Lee and Kinnas 2001a]

developed a potential based panel method to predict the shape of a tip vortex cavity

far downstream in the case of the simplified horseshoe problem, and obtained a con-

stant pressure on the cavity surface which is equal to the corresponding cavitation

number.

3.2 2-D Tip Vortex Cavity

A 2-D tip vortex cavity problem is first considered to study the numerical

characteristics of the method.

3.2.1 Problem Definition

Consider a simplified 2-D vortex system of two vortices of equal and oppo-

site sign which are distanceR apart, as shown in Fig. 3.1. The vortex on the right is

allowed to cavitate and its original shape is considered to be a circle of radiusro
2.

2In reality, the vortex on the left would cavitate too. However, its effect on the tip vortex cavity
is expected not to be that different from that of a non-cavitating vortex. Thus, for simplicity we
consider that the vortex on the left is not cavitating.
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A circulation with strength,�, is located at the center of tip vortex cavity,

as well as at the end of vortex line. If that vortex system is released, it would move

downward due to the downwash induced by the two rotating vortices. In order to

fixed the movement of the vortex system, an upward velocity corresponding to the

downwash is applied to the vortex system. The magnitude of upward velocity is

given by

Uup =
�

2�R
= U1 sin�up (3.3)

where the values ofR andU1 (U1 is considered to be along the axis of the vortex,

i.e. normal to the paper) are taken equal 1 in this problem.

3.2.2 Formulation

By the definition of this problem, the vorticity is concentrated at the core of

the tip vortex cavity, and the resulting flow outside of the vortex system is consid-

ered as irrotational, inviscid and incompressible. In this case, the total flow velocity,

~qt, can be written in terms of the perturbation potential,�(x; y), as follows:

~qt = ~qin(x; y) +r�(x; y) (3.4)

where

~qin(x; y) = (0; Uup) = (0; U1 sin�up) (3.5)

The perturbation potential,�(x; y) satisfies the Laplace equation in the fluid do-

main.

r2�(x; y) = 0 (3.6)
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Thus, the perturbation potential on the boundarySc of the vortex system is

represented by Green’s third identity.

��p =

Z
Sc

�
�q
@ ln r(p; q)

@nq
� @�q
@nq

ln r(p; q)

�
dl +

Z
Cw

�q
@ ln r(p; q)

@nq
dl (3.7)

wherer(p; q) is the distance betweenp andq. p andq represent the control

point and the variable point on the boundary, respectively.~n is the unit normal

vector which points into the fluid domain on the cavity surface.

Equation 3.7 can be solved via two different methods:

� Direct method : the potential,�, is first evaluated on the assumed cavity

surface, and then the cavity shape is determined using the normal derivative

of the potential,@�
@n

(obtained from inverting Green’s formula).

� Jacobian method : the normal derivative of potential is assumed to be known,

and the cavity shape is determined using a Newton-Raphson scheme.

3.2.3 Direct Method

In the direct method, the potential on the tip vortex cavity surface is eval-

uated from the dynamic boundary condition, and the shape is adjusted using the

kinematic boundary condition. The boundary conditions which have to be satisfied

on the vortex system are as follows:

� Dynamic boundary condition on cavity surface : The pressure inside or on

the tip vortex cavity surface is constant and equal to the cavitating pressure,

Pc.
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P = Pc (3.8)

The relation between cavitation number and the total velocity on the tip vortex cav-

ity is given by applying Bernoulli’s equation. Bernoulli’s equation can be expressed

as follows,
Po
�

+
U2
up

2
=
P

�
+
j~qtj
2

(3.9)

and the pressure coefficient is derived as follows :

�CP =
Po � P
�
2
U2
1

=

� j~qtj
U1

�2

�
�
Uup
U1

�2

(3.10)

The cavitation number,�,

� =
Po � Pc
1=2�U2

1

(3.11)

and the magnitude of the total tangential velocity on the cavity,j~qtj, is found to be

constant:

j~qtj = U1
p
� + sin2 � (3.12)

Also, the total velocity on the tip vortex cavity surface can be expressed in terms of

the total tangential velocity on tip vortex surface.

j~qtj = @�

@v
+
@�in

@v
(3.13)

Then, the perturbation velocity,@�
@v

, is given by combining Eqns. 3.12 and 3.13.

@�

@v
= �@�in

@v
+ U1

q
� + sin�2up (3.14)

The perturbation potential on the tip vortex cavity is determined by integrat-

ing Eqn. 3.14 along the circumference of the tip vortex cavity.

�(x; y) = �o + U1y sin�up + U1

q
� + sin�2up

Z v

0

dv (3.15)

= �o + U1y sin�up + U1

q
� + sin�2upv (3.16)
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Since the solution of Laplace equation for the velocity potential is uniquely

determined up to an additive constant [Newman 1977], the constant�o can be a

arbitrary value, and�o = 0 is used in this method. Finally, the potential on tip

vortex cavity surface is defined as follows:

�(x; y) = U1

�
y sin�up + v

q
� + sin2 �up

�
(3.17)

� Kinematic boundary condition on cavity surface : the substantial derivative

of the cavity surface vanishes.

D

Dt
[n� h(v)] =

�
@

@t
+ ~qt � r

�
[n� h(v)] (3.18)

wheren is the coordinate normal to the cavity surface, andh(v) is the increment of

cavity thickness normal to the previous cavity surface at pointv. The gradientr in

the local coordinate(v; n) is defined as follows:

r = ~v
@

@v
+ ~n

@

@n
(3.19)

By substituting Eqn. 3.19 into Eqn. 3.18, the kinematic boundary condition renders

the following partial differential equation for the increment of cavity height,h:

@h

@v
j~qtj = @�

@n
=
@�

@n
+ ~qin � ~n (3.20)

� Numerical Implementation

The potential on the tip vortex cavity surface is known as in Eqn. 3.15. Thus,

Eqn. 3.7 is solved for the unknown,@�
@n

, until the kinematic boundary condition is
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satisfied on the tip vortex cavity surface. The initial radius of tip vortex cavity,ro is

given from the dynamic boundary condition:

�

2�ro
= U1

q
� + sin2 �up (3.21)

After the BVP is solved, the initial cavity shape is adjusted using Eqn. 3.20. In

order to find the increment of tip vortex cavity height at the panel nodal points, the

central difference scheme is applied at the control point (CP) using the values of@�
@n

andqt, as shown in Fig. 3.2. The equation for the cavity height increment is given

by

hi+1 � hi =

�
@�

@n

�
i

�vi
j~qtj (3.22)

with the periodic condition

h1 = hMC+1: (3.23)

whereMC is the total number of panels on the tip vortex cavity.

3.2.4 Jacobian Method

The shape of 2-D tip vortex cavity can be also determined by using the

Jacobian method. In this method, the tip vortex cavity shape is assumed to be

known, i.e.,@�
@n

is known, and� is obtained as a solution of Eqn. 3.7. The boundary

conditions for this method are as follows:

� Dynamic boundary condition : the pressure on the cavity surface is constant

and equal to the cavity pressure.

P = Pc (3.24)
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Figure 3.2: Definition of the increment of cavity height,h, and the paneling of tip
vortex cavity.

or

�Cp = � (3.25)

� Kinematic boundary condition : The fluid flow is tangent to the cavity surface.

@�

@n
= �~qin � ~n (3.26)

� Numerical Implementation

Since the integral equation is solved for the assumed tip vortex cavity, tip vortex

cavity shape is determined from the solution potential (more precisely, the com-

puted pressure). A Newton-Raphson technique is applied to determine the cavity

heights at each control point based on the following equation.

Æp(h; �) = 0 (3.27)
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whereÆp = �Cp � �. Equation 3.27 is solved for the circumferential grid by ap-

plying aMC-dimensional (if the circumferential number of panel is MC) Newton-

Raphson scheme. The updated cavity heights for the(k + 1)th iteration are given

as follows:

[h]k+1 = [h]k � [J ]�1[Æp]k (3.28)

where

[h]T = [h1; h2; ::::; hMC ]

[Æp]T = [Æp1; Æp2; ::::; ÆpMC ] (3.29)

and[J ] is the Jacobian, which is defined as

Jij =
@Æpi
@hj

; 1 � i; j �MC (3.30)

A two point finite difference scheme is used to evaluate the Jacobian. Also, in order

to accelerate the Newton-Raphson scheme, the off-diagonal terms of the Jacobian

are ignored in solving Eqn. 3.28. Thus, this method requires only a single solution

of the system of equations for each Newton-Raphson iteration.

3.2.5 Numerical Results

Figure 3.3 shows the initial and the converged tip vortex cavity shapes pre-

dicted by using the direct method.� = 0:2193 (m2=sec), � = 0:1, and the cor-

responding upward velocityUup = U1 sin 2o (m=sec) are used. The initial radius

of the tip vortex cavity isro = 0:11R (m). The tip vortex cavity shape converges

to the elliptic shape from the initial circle, and the shape changes very little due to
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Figure 3.3: Comparison of the initial and the converged tip vortex cavity cross
section (Direct method):� = 0:2193 (m2=sec), � = 0:1, and�up = 2o.

the lightly loaded circulation. The pressure on the initial and the converged cavity

surfaces are shown in Fig. 3.4. While the pressure is varying around the tip circum-

ference in the case of the initial shape, the converged pressure,�Cp, is constant and

equal to the cavitation number� = 0:1.

Figure 3.5 shows the predicted converged tip vortex cavity shape with vary-

ing number of circumferential panels in the case of� = 0:4383 (m2=sec), � = 0:1,

the upward velocityUup = U1 sin 4o (m=sec), and the initial tip radiusr =

0:215R (m). The direct method is used to predict the tip vortex cavity shape.

The cavity shape converges quickly with number of circumferential panels, and

the converged shape deformed more than the case of� = 0:2193 (m2=sec) due to
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Figure 3.4: Pressure distribution along the tip vortex cavity circumference for the
initial and the converged shape (Direct method):� = 0:2193 (m2=sec), � = 0:1
and�up = 2o.

the stronger vortex strength.

Although the tip vortex cavity shape converges very quickly, as shown in

Fig. 3.5, the pressure on the cavity surface shows very slow convergence with num-

ber of panels, as shown in Fig. 3.6. Compared with fine grids, the pressures of

the coarse grids (MC = 10, and20) show relatively bigger error. The pressure

error obtained for the converged cavity shape is depicted in Fig. 3.7 as a function of

number of panels. The error is defined as

jjerrorjj =
Pm=MC

m=0 ((�Cp)m � �)2

MC
(3.31)
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Figure 3.5: Convergence of tip vortex cross-section shape with number of panels
on tip vortex cavity (Direct method):�=0:4383(m2=sec), �=0:1 and�up=4o.

With increasing the number of panels, the plot oflog jjerrorjj versuslog(MC) pro-

duces a straight line untilMC = 80. For the large number of panels, however, the

rate of error change drastically decreases, and becomes almost “zero”. Therefore,

the accuracy of pressure on the predicted cavity surface can not be improved by

increasing number of panels, if the number of panels is more than80.

Figure 3.8 shows the comparison of the predicted tip vortex cavity shapes

using the direct and Jacobian methods. The conditions are� = 0:4383 (m2=sec),

� = 0:1 and�up = 4o, and the total number of panels on tip vortex cavity surface

is 160. As shown in figure, the predicted cavity shapes by both methods agree

well to each other. However, the pressures computed from two methods show some

discrepancies, as shown in Fig. 3.9. The convergence criteria of both methods are
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Figure 3.6: Convergence of pressure distribution with number of panels on the tip
vortex cavity (Direct method):� = 0:4383 (m2=sec), � = 0:1 and�up = 4o.

as follows:

max

�
hnew � hold

hold

�
< � (3.32)

where� = 10�6. Since the tip vortex cavity radius is small, the small difference in

the tip vortex cavity shape can produce big differences in the pressure distributions.
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3.3 3-D Hydrofoil Problem

A 3-D boundary element technique which is applied to determine the details

of developed tip vortex cavity, is addressed in this section. Even though sheet cavity

(partial or super cavity) is important, and often appears together with tip vortex

cavity on hydrofoil, only a numerical scheme for determining the shape of tip vortex

cavity is given in this section. Details of numerical implementation for the partial

or/and super cavity shapes are given in Section 3.4.

3.3.1 Formulation

The coordinates system which is used to formulate hydrofoil and tip vortex

cavity is the same as shown in Fig. 2.9. The tip vortex cavity is initially assumed

to be a solid circular cylinder, and to be attached to the end of the foil tip. Conse-

quently, the applied Green’s formula is derived (same as Eqn. 2.15);

2��p =

ZZ
SH[ST

�
�q
@G(p; q)

@nq
� @�q
@nq

G(p; q)

�
dS

+

ZZ
Sw

��w(yq)
@G(p; q)

@nq
dS (3.33)

The perturbation potentials on the foil and the tip vortex cavity surfaces are

determined by applying the boundary conditions.

3.3.2 Boundary Conditions

� Kinematic Boundary Condition (KBC) on wetted body surface : the fluid

flow is tangent to the wetted body surfaces.

@�

@n
= ~U1 � ~n (3.34)
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where

~U1 = (U1 cos�; 0; U1 sin�) (3.35)

� Dynamic Boundary Condition (DBC) on cavity surface : The pressure on tip

vortex cavity surface is equal to the cavity pressure. For a given cavitation

number,�,

� =
Po � Pc
1
2
�U2

1

(3.36)

the pressure coefficient on the exact tip vortex cavity surface has to satisfy

the following relation.

�Cp = �P � Po
1
2
�U2

1

= � (3.37)

� Kutta condition : the flow velocity is finite at the foil trailing edge.

jr�j < 1 at the foil trailing edge (3.38)

3.3.3 Solution Method

In order to solve the Green’s formula given by Eqn. 3.33, either dipole (�)

or source (@�
@n

) strengths have to be prescribed on the foil and tip vortex cavity

surface via the boundary conditions. Since the tip vortex cavity is assumed to be

a solid body, the kinematic boundary condition can be applied on the tip vortex

cavity surface. After the potential on the tip vortex cavity surface is evaluated by

solving Eqn. 3.33, the exact tip vortex cavity shape is determined by satisfying the

dynamic boundary condition. In order to compute the more accurate geometry of
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the tip vortex cavity, the trailing wake sheet is first aligned before determining the

tip vortex cavity shape, as described in Section 2.4. The tip vortex cavity radius

is updated to accelerate the convergence of tip vortex cavity shape while aligning

wake geometry as follows:

rT =
�

2�U1
p
�

(3.39)

The Jacobian method is used to determine the shape of the tip vortex cavity surface,

as described in Section 3.4.6. The procedure of determining the shape of the tip

vortex cavity is as follows:

� Solve Eqn. 3.33 for the perturbation potential on the foil and the tip vortex

cavity surface.

� Align the trailing wake sheet until the wake shape is converged, as explained

in Section 2.4.

� Compute the pressure on the tip vortex cavity, and set Jacobian matrix.

� Modify tip vortex cavity shape by applying Eqn. 3.28.

� Repeat solving Eqn. 3.33 and determining the tip vortex cavity shape, until

the cavity shape change between two consecutive iterations is within a speci-

fied tolerance.

3.3.4 Numerical Results

� Elliptic hydrofoil
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The method of predicting the tip vortex cavity shape is applied to an elliptic

hydrofoil, and the dimension of hydrofoil is the same as that given in Section 2.4.2.

An inflow angle of attack� = 7o, cavitation number of� = 1:15 are used for the

validation and convergence tests. Figure 3.10 shows a comparison of the predicted

tip vortex cavity shape with that obtained from experiment. The photograph of

the tip vortex cavity is taken from [Arndt et al. 1991]. Even if the quantitative

comparison of tip vortex cavity radii between the predicted and observed are not

performed, the predicted tip vortex cavity shape is qualitatively well compared with

that of experiment.

The convergence of pressures with number of circumferential panels on the

tip vortex cavity surface are shown in Fig. 3.11. The depicted pressures are com-

puted at downstream location ofx=R = 2:43. The pressure corresponding to the

initial geometry is also depicted. The predicted pressures converges quickly with

number of panels, even though they still vary somewhat along the circumference.

Fig. 3.12 shows the convergence of averaged tip vortex cavity radius with

number of circumferential panels on tip vortex cavity. The averaged tip vortex

cavity radii at each strip are computed as follows:

(rT )mean =
vmax

2�
(3.40)

wherevmax is the arclength of the tip vortex circumference. The predicted tip vortex

cavity radii agree well with each other except for the case of10 panels.

Figure 3.13 shows the geometry of elliptic hydrofoil and its aligned trailing

wake for an inflow angle of attack of� = 10o, and the cavitation number� = 1:0.

103



X

Y

Z

Figure 3.10: Comparison of the measured (top) [Arndt et al. 1991] and predicted
(bottom) tip vortex cavity shapes:AR = 3:0, tmax=C = 0:15, � = 1:15 and
� = 7o.
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Figure 3.11: Convergence of pressure distributions on tip vortex cavity surface with
number of circumferential panels at downstream locationx=R = 2:83: AR = 3:0,
tmax=C = 0:15, � = 1:15 and� = 7o.
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Figure 3.12: Convergences of tip vortex cavity radii with number of circumferential
panels on tip vortex cavity surface:AR = 3:0, tmax=C = 0:15, � = 1:15 and
� = 7o.
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Figure 3.13: The converged wake geometries and an elliptic hydrofoil:AR = 3:0,
tmax=C = 0:15, and� = 10o.
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The predicted pressures along the circumferential direction on the tip vortex

cavity surface are depicted in Fig. 3.14. The pressures are evaluated at the 5 down-

stream locations, as shown in Fig. 3.13 :x=R = 1:17; 2:06; 2:84; 3:67 and4:51.

Note the pressure difference between the initial and the converged cavity shapes.

The pressure distributions on the converged tip vortex cavity are close to the cav-

itation number compared with those of the initial shape. As shown in 2-D vortex

cavity problem, even though the tip vortex cavity shape is converged, the predicted

pressure distributions are still varying along the circumferential direction. Since the

velocities are evaluated by using central difference of potentials along the small ra-

dius of tip vortex core, the small change of the geometry produces the large change

in velocity. In addition, the prediction of accurate tip vortex cavity shape in 3-D

problem is more difficult than 2-D problem, since not as many panels as in the 2-D

problem can be used, due to the limitation of computer memory.

Figure 3.15 shows the comparison of tip vortex cavity shapes in the case of

� = 10o and� = 0:2. The initial cavity radius,rT = 0:036R is used, which is the

same as that of the aligned wake. As shown in Fig. 3.16, the wake alignment helps

the pressure distribution on tip vortex cavity to be close to the cavitation number.

This is also consistent with the requirement of force-free wake.

The convergence of the tip vortex cavity shapes with number of circum-

ferential panels is shown in Fig. 3.17. The depicted tip vortex cavity shapes are

chosen at the location ofx=R = 2:41. The tip vortex cavity shape shows very quick

convergence with number of panels in this case.
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Figure 3.14: Pressure distributions on tip vortex cavity surface at the 5 locations
downstream of the initial and the converged tip vortex cavity:AR = 3:0, tmax=C =
0:15, � = 1:0 and� = 10o.
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Solid line : Initial shape
Dashed line : After alignment
Dotted line : After adjustment of shape

Figure 3.15: Comparison of tip vortex cavity shapes, the initial shape, after wake
alignment and after adjustment of cavity shape:AR = 3:0, tmax=C = 0:15, � =
0:2 and� = 10o.
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Figure 3.16: Comparison of pressure distribution on the initial shape, after wake
alignment and after adjustment of cavity shape atx=R = 2:41: AR = 3:0,
tmax=C = 0:15, � = 0:2 and� = 10o.
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Figure 3.17: Convergence of tip vortex cavity shapes with number of panels in
circumferential direction atx=R = 2:41: AR = 3:0, tmax=C = 0:15, � = 0:2 and
� = 10o.
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3.4 Blade Sheet and Developed Tip Vortex Cavity on Propeller

In this section, the complete description of blade sheet and developed tip

vortex cavity problem on marine propeller is provided. In order to model the blade

sheet and developed tip vortex cavity on the marine propeller, Green’s formula is ap-

plied on the physical problem and the boundary integral equation is derived. Also,

the three dimensional nonlinear boundary conditions are applied to solve the de-

rived boundary integral equation. Details of BEM applied on cavitating marine

propeller are described in [Fine 1992a; Young 2002].

3.4.1 Assumptions

The propeller is rotating with a constant angular velocity in an unbounded

domain, and is subject to non-uniform inflow. The inflow is considered as anef-

fective wake, which includes the effects of the ship hull and the vorticity due to the

propeller. The effective wake is assumed to be known, and provided by coupling

of a lifting surface method and the unsteady Euler solver [Choi and Kinnas 2000,

2001].

Both partial and super cavities are allowed on face or/and back sides of

propeller blades. The detachment line of the cavity leading edge is also assumed to

be at arbitrary location on blade surface, and is determined to be satisfy the dynamic

boundary condition. The pressure on cavity surface is assumed to be constant and be

equal to the cavity pressure. Fluid behavior inside blade sheet and tip vortex cavity

surface is not considered. The inception stage of tip vortex cavity is excluded in this

work, therefore, tip vortex cavity is assumed to be fully developed and attached to
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the tip of the blade. The vorticity of tip vortex cavity is assumed to be concentrated

inside a tip vortex core. The flow outside the cavity is assumed to be irrotational

and incompressible, and the fluid to be inviscid.

3.4.2 Formulation

As shown in Fig. 3.18, the cavitating propeller is subject to the non-uniform

inflow, ~Uw(xs; rs; �S), which is defined in the ship fixed coordinate system,(xs; ys; zs).

The propeller rotates with a constant angular velocity,~!, and is right handed look-

ing from downstream. The solution is determined in the propeller fixed coordinates,

which is represented as(x; y; z) in Fig. 3.18. The total inflow velocity relative to

the propeller is

~Uin(x; y; z; t) = ~Uw(x; r; � � !t) + ~! � ~x(x; y; z) (3.41)

wherer =
p
(y2 + z2), ~x = (x; y; z), and� = tan�1(z=y). Since the fluid is

assumed to be inviscid, and the flow to be irrotational and incompressible, the

fluid domain can be represented by using the time-dependent perturbation poten-

tial, �(x; y; z; t), defined as follows:

~q(x; y; z; t) = ~Uin(x; y; z; t) +r�(x; y; z; t) (3.42)

where~q(x; y; z; t) is the time-dependent total flow velocity.

The perturbation potential�(x; y; z; t) defined in Eqn. 3.42 has to satisfy

Laplace’s equation,r2� = 0. Thus, the potential� at arbitrary point,p, on the

wetted and the cavity surfaces must satisfy the Green’s third identity:
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2��p(~x; t) =

ZZ
SWS(t)[ST (t)[SC (t)

�
�q(~x; t)

@G(p; q)

@nq(t)
� @�q(~x; t)

@nq(t)
G(p; q)

�
dS

+

ZZ
Sw

��w(rq; �q; t)
@G(p; q)

@nq(t)
dS (3.43)

whereG(p; q) = 1=R(p; q) is the infinite domain Green’s function, andR(p; q) is

the distance between the field pointp and the variable pointq. ~nq(t) is the unit

normal vector to the surfaces of the propeller, hub, the cavity and the wake, and

points into the fluid domain.��w is the potential jump across the wake surfaceSw.

SWS represents fully wetted blade and hub surfaces.ST andSC denote tip vortex

cavity and blade sheet cavity surfaces, respectively.

The Green’s formula derived in Eqn. 3.43 implies that the potentials on the

fluid domain can be represented by dipole and source distribution as follows:

� The potential on propeller blade, blade sheet and tip vortex cavity surfaces,

SWS(t)[SC(t)[ST (t), is expressed as a linear superposition of the induced

potentials by a continuous dipole and source distribution.

� The potential on the wake surface,Sw(t) is expressed by a continuous dipole

distribution.

The exact solution of Eqn. 3.43 can be uniquely determined when the boundary

conditions are applied on the exact body and cavity boundaries.
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Figure 3.18: Propeller, hub, developed tip vortex cavity, and trailing wake geome-
tries.
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3.4.3 Boundary Conditions

� The fluid flow is tangent to the propeller blades, hub and exact cavity surfaces.

@�(x; y; z; t)

@n
= �~Uin(x; y; z; t) � ~n (3.44)

� The blade sheet cavity has to be closed at the cavity trailing edge, i.e., the

cavity thickness,Æ should be zero at cavity end.

Æ(x; y; z; t) = 0 (3.45)

� Kutta condition : The velocity at the propeller trailing edge is finite.

jr�j <1 (3.46)

� The Dynamic Boundary Condition (DBC) on cavity surface : The pressure

inside or on the cavity surface is constant and equal to the cavitating pres-

surePc. The dynamic boundary condition is obtained from the unsteady

Bernoulli’s equation defined in the propeller fixed coordinates system as fol-

lows:
Po
�

+
1

2
j~Uwj2 = @�

@t
+
Pc
�

+
1

2
j~qtj2 � 1

2
!2r2 + gyd (3.47)

where� is the fluid density,r is the distance from the axis of rotation and~qt is

the total velocity on the cavity surface.Po is the pressure far upstream on the

shaft axis. Also,g is the gravitational constant andyd is the vertical distance

from the axis of rotation.yd is defined to be negative in the gravitational

direction. By defining the cavitation number,�n,

�n =
Po � Pc
1
2
�n2D2

(3.48)
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and applying to the Bernoulli’s equation of Eqn. 3.47, the magnitude of the

total velocity on the cavity surface is derived as follows:

j~qtj =
r
n2D2�n + j~Uwj2 + !2r2 + 2gyd � 2

@�

@t
(3.49)

wheren = !
2�

is the propeller revolution per unit time, andD is the propeller

diameter.

� The Kinematic Boundary Condition (KBC) on blade sheet cavity surface:

The normal velocities of the fluid and of the boundary must be equal. Con-

sider a local coordinates system,(s; v; n), which is a non-orthogonal curvi-

linear coordinate as shown in Fig. 3.19. The cavity height of any points on

the blade surface is defined by a functionn = h(s; v; t). Therefore, the exact

kinematic boundary condition can be derived by requiring that the substan-

tial derivative of a functionn � h vanishes on the cavity surface. The KBC

implies that onn = h,

D

Dt
(n� h) =

@

@t
(n� h) + ~qt(x; y; z; t) � r(n� h) = 0 (3.50)

The solution of Eqn. 3.43 can be uniquely determined by applying the above

boundary conditions on the exact body boundaries. However, the difficulty in solv-

ing the above Green’s formula is that it may not be solved directly by applying

the boundary conditions since the exact cavity surface is unknown. Therefore, the

solution of Green’s formula has to be determined in an iterative manner, until the

boundary conditions are satisfied on the updated cavity surface. In [Fine 1992a],
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he proposed a iterative method to determine the exact shape of blade sheet cav-

ity. The Green’s formula was solved to satisfy the dynamic boundary condition

on an approximated cavity surface, and the cavity surface was updated by using

the kinematic boundary condition. He considered that the solution to be converged

when the cavity surfaces do not change between two consecutive iterations. In the

present work, two different methods are used to determine the blade sheet cavity

surface and the developed tip vortex cavity shape, respectively. Both methods are

summarized below, and are described in more detail in the following sections.

� Blade sheet cavity:

– The potentials on the cavity surfaces are evaluated using the dynamic

boundary condition.

– The cavity shape is determined using the kinematic boundary condition

(Eqn. 3.50) after boundary value problem is solved.

� Developed tip vortex cavity:

– The initial shape of the tip vortex cavity is assumed to be a solid cylinder

with a circular cross section.

– The cavity shape is adjusted to satisfy the dynamic boundary condition

using a two point Newton-Raphson scheme.

3.4.4 Determination of Potential on the Blade Sheet Cavity Surface

In order to solve Green’s formula (Eqn. 3.43), either the source or the dipole

strength has to be prescribed on each boundary. Since the position of the exact sheet
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Figure 3.19: The definition of the total and local velocities on the local coordinates
system,(s; v; n).

cavity surface is unknown, the source strength (@�
@n

) in Eqn. 3.43 cannot be specified

on cavity surface. Therefore, the perturbation potential which represents the dipole

strength in Eqn. 3.43 has to be prescribed on the cavity surface to solve the system of

equation. The potentials of the partial and super cavities are determined as follows:

� On the partial cavity surface

In addition to the expression for the magnitude of total velocity derived in

Eqn. 3.49, the total velocity vector can be defined at each panel using the local
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coordinates as shown in Fig. 3.19.

~qt =
(@�
@s

+ Us) [~s� (~s � ~v)~v] + (@�
@v

+ Uv) [~v � (~s � ~v)~s]
jj~s� ~vjj2 +

�
@�

@n
+ Un

�
~n (3.51)

with ~s and~v being the unit vectors corresponding to the coordinatess (chordwise)

andv (spanwise), respectively, and with~n being the unit normal vector to the cav-

ity. Also, Us, Uv andUn are the inflow velocities, andVs, Vv andVn are the total

velocities of(s; v; n) directions.

Vs =
@�

@s
+ Us =

@�

@s
+ ~Uin � ~s

Vv =
@�

@v
+ Uv =

@�

@v
+ ~Uin � ~v (3.52)

Vn =
@�

@n
+ Un =

@�

@n
+ ~Uin � ~n

By calculating the magnitude of total velocity from Eqn. 3.51 and combining with

Eqn. 3.49, the quadratic equation is obtained in terms of the unknowns velocities,

@�
@s

and @�
@v�
@�

@s
+ Us

�2

� 2

�
@�

@s
+ Us

��
@�

@v
+ Uv

�
cos � +

�
@�

@v
+ Uv

�2

� sin2 �

�
n2D2�n + j~Uwj2 + !2r2 � 2gyd � 2

@�

@t

�
= 0 (3.53)

Note that the total normal velocity term of(@�
@n

+ Un) is eliminated from Eqn. 3.53.

If s; v, andn are located on the correct cavity surface, the flow has to be tangent to

the cavity surface to satisfy the kinematic boundary condition, and consequently the

total normal velocity would vanish on cavity surface. Even though the prescribed

cavity surface is not the converged, leaving the normal velocity term out of the

dynamic condition has a small effect on the solution [Fine 1992a]. By assuming that
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the perturbation velocity along thes�direction is always positive, i.e., the flow does

not reverse its direction, the quadratic equation can be solved for the perturbation

velocity @�
@s

in terms of the unknown derivatives@�
@v

and @�
@t

.

@�

@s
= �Us +

�
@�

@v
+ Uv

�
cos � + (3.54)

+ sin �

r
n2D2�n + j~Uwj2 + !2r2 � 2gyd � 2

@�

@t
� (

@�

@v
+ Uv)2

where� is the angle betweens and v, which is defined ascos � = ~s � ~v. The

potential on the cavity surface is obtained by integrating the Eqn. 3.54 with respect

to the arbitrary points over the cavity surface.

�(s; v; t) = �(0; v; t) +

Z s

0

�
�Us + (

@�

@v
+ Uv) cos � + (3.55)

+ sin �

r
n2D2�n + j~Uwj2 + !2r2 � 2gyd � 2

@�

@t
� (

@�

@v
+ Uv)2

#
ds

The time derivative term@�
@t

and the cross flow term@�
@v

are unknowns in Eqn. 3.55,

and are determined in an iterative manner. The potential�(0; v; t) corresponds to

the potential at the cavity leading edge, and are determined by using third order

polynomial approximation in terms of the unknown potentials on the wetted sur-

face. The integral term of Eqn. 3.55 is determined by trapezoidal quadrature.

� On the supercavity surface

Consider the orthogonal coordinates system(s; u; n), shown in Fig. 3.20.

By assuming that the normal velocity is relatively small on wake surface, the total

velocity vector,~V +, on the local wake surface can be expressed as follows:

~V + = V +
s ~s+ V +

u ~u (3.56)
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Figure 3.20: The definition of local velocities on the wake surface,(s; u; n).

where superscript+ represents the upper side of the wake sheet. Since the total

velocity on local wake surface has to be equal to the total velocity of cavity on

wake surface, the magnitude of the streamwise velocity is given by

V +
s =

q
j~qtj2 � (V +

u )2 (3.57)

By integrating Eqn. 3.57 with respect tos, and substituting Eqn. 3.49, the potential

on the upper wake surface,�+ is determined:

�+(s; u; t) = �(so; v; t) +

Z s

so

[�Us+ (3.58)

+

r
n2D2�n + j~Uwj2 + !2r2 � 2gyd � 2

@�

@t
� (V +

u )2

#
ds

wheres = so denotes the blade trailing edge. The cross flow termV +
u on the wake

surface was found to be small, and neglecting that term from Eqn. 3.58 does not
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affect the solution of Green formula. The integral of Eqn. 3.58 is also determined

by using trapezoidal quadrature.

3.4.5 Determination of Blade Sheet Cavity Thickness

� Thickness of partial cavity

The cavity thickness of partial sheet cavity on the local coordinates is deter-

mined by substituting Eqn. 3.51 into Eqn. 3.50 [Fine 1992a].

@h

@s
(Vs � Vv cos �) +

@h

@v
(Vv � Vs cos �) = sin2 �(Vn � @h

@t
) (3.59)

The schematic diagram of velocities on the local coordinates,(Vs; Vv; Vn), which is

defined in Eqn. 3.52 are shown in Fig. 3.19. The thickness of the partial cavity sur-

face over the blade surface is determined by solving the partial differential equation

(Eqn. 3.59). Once the system of equation is solved for the assumed cavity extents

over the blade surface, the normal derivative of potential,@�
@n

, becomes known value

on the cavity surface. Since the normal derivative of total potential does not vanish

on an assumed cavity surface, the cavity thickness can be updated by solving partial

differential equation (Eqn. 3.59). The partial differential equation is solved using

a two-point backward finite difference scheme, as shown in Fig. 3.21. The cavity

thickness is accomplished by replacing the partial differential equation with a two-

point backward difference formula along thes� andv� directions. The derivatives

are defined at the control points and the cavity thickness is determined at the center
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Figure 3.21: Numerical discretization for the cavity height calculation.
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of the panel sides.

@h

@s
=

hn+1;m � hn;m
�S

@h

@t
=

H t
n;m �H t�1

n;m

�t
(3.60)

@h

@v
=

Hn;m �Hn;m�1

�V

with Hn;m = hn;m+hn�1;m
2

, and the boundary condition that the cavity thickness at

the cavity detachment location is equal to zero.

� Thickness of super cavity

The orthogonal coordinates,(s; u; n), is defined on wake surface, as shown

in Fig. 3.20. Since the cross flow term on wake surface is very small compared to

streamwise velocity, the cavity thickness on the wake surface can be derived from

the kinematic boundary condition :

qw(t)� @hw
@t

= V +
s

@hw
@s

(3.61)

wherehw is the cavity thickness of supercavity, andqw(t) is the wake source

strength at timet. The wake source strength,qw, is given by

qw(t) =
@�+q
@nq

(t)� @��q
@nq

(t) (3.62)

where superscripts+ and� represent the upper and lower surface of wake.

The total velocity(V +
s ) of cavity surface over wake sheet is determined

to satisfy the dynamic boundary condition, and it is defined in Eqn. 3.47. Thus,
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Figure 3.22: The definition of cavity thickness for the super cavity.

Eqn. 3.61 can be expressed as follows:

@hw
@s

r
n2D2�n + j~Uwj2 + !2r2 � 2gyd � 2

@�

@t
= qw(t)� @hw

@t
(3.63)

Equation 3.63 also can be solved by using a two-point backward finite difference,

and the unsteady term@hw
@t

is updated from the previous values. The schematic for

the cavity height on wake surface is shown in Fig. 3.22.

3.4.6 Determination of Tip Vortex Cavity Shape

In sections 3.2.3 and 3.2.4, two methods to determine the shape of tip vortex

cavity, i.e., direct and Jacobian methods were described. In order to determine the

tip vortex cavity shape using direct method, the potential on tip vortex cavity has

to be evaluated from dynamic boundary condition. Since the cross flow velocity

is small enough on the blade sheet cavity surface, that term can be neglected in

Eqn. 3.55 and 3.58. However, both the tangential and streamwise velocities are

important, and can not be neglected on tip vortex cavity surface. Therefore, the

application of the direct method is not appropriate in 3-D tip vortex cavity problem

due to the dominant effects of both tangential and streamwise velocities.

The Jacobian method is used to solve the 3-D tip vortex cavity shape prob-
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lem. In this method, the shape of tip vortex cavity is assumed to be initially known,

and the BVP is solved for the potentials on tip vortex cavity surface. The corrected

tip vortex cavity shape is determined from the calculated pressure on tip vortex

cavity to satisfy the dynamic boundary condition.

On the tip vortex cavity surface, the following equation has to be satisfied:

Æp(ht(s; v; t); �n) = �Cp � �n = 0 (3.64)

whereht(s; v; t) is the increment of tip vortex cavity radius at the location(s; v) at

time t (Fig. 3.23). The pressure coefficient,Cp, is defined as follows:

Cp =
P � Po
�
2
n2D2

(3.65)

P andPo is the pressure on cavity surface and far upstream. Equation 3.64 implies

that the pressure on the tip vortex cavity is equal to a given cavitation number. The

tip vortex cavity shape which satisfy Eqn. 3.64 will be solved in an iterative manner.

To find the correct cavity shape, the system of equation with M unknowns

(if the circumferential number of panel isM ) has to be solved, i.e.,

Æpm(ht1; ht2; ::::; htM ) = 0; where m = 1; 2; :::;M (3.66)

whereÆpm is the pressure difference on the tip vortex cavity at themth circum-

ferential node point. Equation 3.66 can be solved iteratively by applying an M-

dimensional Newton-Raphson scheme. The updated cavity heights for the(k+1)th

iteration are given as follows:

[ht]
k+1 = [ht]

k � [J ]�1[Æp]k (3.67)
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Figure 3.23: The definition of cavity height on tip vortex cavity surface.

where

[ht]
T = [ht1; ht2; ::::; htM ]

[Æp]T = [Æp1; Æp2; ::::; ÆpM ] (3.68)

and[J ] is the Jacobian, which is defined as

Jij =
@Æpi
@hj

; 1 � i; j �M (3.69)

Each element of the Jacobian can be evaluated by using a two-point finite difference

scheme. In order to accelerate the Newton-Raphson scheme, the off-diagonal terms

of the Jacobian are ignored in solving Eqn. 3.67. Thus, this method requires only a

single solution of the system of equations for each Newton-Raphson iteration.

3.4.7 Iterative Pressure Kutta (IPK) Condition

Details of the iterative pressure Kutta condition for the fully wetted propeller

problems are described in [Kinnas and Hsin 1992]. However, they are summarized
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here for completeness.

� Fully wetted problem

Consider the fully wetted propeller problem which does not include any

forms of sheet cavities. Green’s formula for the perturbation potential on the blades

and wake surface is discretized as follows:

[A][�] = [RHS]� [�][W ] (3.70)

where[A] is the matrix of the induced influence coefficients due to a constant dipole

distribution, [RHS] is the matrix for the induced potential by a constant source

distribution and[W ] is the matrix for the influence coefficients at the blades field

points due to the dipole of wake sheets.

Kutta condition implies that the velocity at the blade trailing edge is finite.

We will satisfy Kutta condition by requiring that the pressure at the upper and lower

control points of blade trailing edge be equal.

�pm = pum � plm = 0 for m = 1; :::;MR (3.71)

whereMR is the total number of radial direction panels on the blade and superscript

u andlmean upper(suction) side and lower(pressure) side of the blade, respectively.

Due to the nonlinear dependence of�p on�, an iterative method should be

used to solve the system equation (Eqn. 3.70 and 3.71) with respect to the unknown
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[�] and[�]. In order to determine the circulation�m at the stripm, the following

Newton-Raphson scheme is used.

[�](k+1) = [�](k) � [J (k)]�1[�p](k) (3.72)

Eqn. 3.70 at thek�th iteration step becomes

[A][�](k) = [RHS]� [�](k)[W ] (3.73)

and the Jacobian matrix is defined as

J
(k)
i;j =

@�p
(k)
i

@�
(k)
j

(3.74)

The solution� and� at the first iteration step (k = 0) are determined by

applying the Morino’s Kutta condition, i.e.

[A][�](0) = [RHS]� [�](0)[W ] (3.75)

�m = �um � �lm ; m = 1; :::;MR

Because the Jacobian values of Eqn. 3.74 do not change rapidly, these values

are kept same during the iteration.

The new Jacobian matrix is defined as follows:

J
(k)
i;j = Ji;j =

@�pi
@�j

=
�p�i ��p0i
��i � �0i

(3.76)
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where the superscript,0, corresponds to the solution of Eqn. 3.75, and the super-

script,�, corresponds to the solution at the(1 + �) iteration step which is defined

as follows;

��j = (1 + �)�0j (3.77)

where� is a small number. (Usually we use� = 0:01.)

The modified Newton-Raphson scheme with the Jacobian matrix equation

(3.76) becomes

[�](k+1) = [�](k) � [J ]�1[�p](k) (3.78)

The solution satisfying the pressure Kutta condition can be determined by

iteratively solving the Eqns. 3.73 and 3.78. However, this method is too expensive

for the unsteady problems since we have to solve simultaneous equation (Eqn. 3.73)

not only for each time step but also for each iteration step.

We applied the technique of the base problems to avoid solving the Eqn. 3.73

at each time and iteration steps.

Because the matrix[RHS] is identical in Eqns. 3.70 and 3.73 for each time

step, we can obtain new equation by subtracting Eqn. 3.73 from Eqn. 3.70.

[A][[�](k) � [�]] = �[W ][[�](k) � [�]] (3.79)

or
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[A][Æ�] = �[W ][Æ�] (3.80)

where

[Æ�] = [�](k) � [�] and [Æ�] = [�](k) � [�] (3.81)

Let’s define”base potentials”, [�]m, which are the solutions to the base

problems

[A][�]m = �[W ][B]m ; m = 1; ::::;MR (3.82)

where

[B]m = [B1 = 0; B2 = 0; :::::; Bm = 1; Bm+1 = 0; :::::; BMR
= 0]T (3.83)

The base potentials correspond to the potentials of the propeller blade when

there is no inflow and the potential jumps are equal to zero in all wake panels except

for the first panel in the wake at blade stripm, in which dipole distribution equal

to ”1” at the blade trailing edge and linearly becomes ”0” at the panel right side.

The important thing is that base potentials depend only on the discretization and

that they are independence of the inflow as well as time stepn. The solution of

Eqn. 3.80 can be expressed by the linear superposition of base potentials.

[Æ�] =

MRX
m=1

Æ�m[�]
m (3.84)

By the definition of[Æ�] and [Æ�], the solution to the system equation is

expressed as:
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[�](k) = [�] +

MRX
m=1

(�(k)m � �m)[�]
m (3.85)

The base potential is determined by solving the Eqn. 3.82 before solving

the unsteady problem. Then, the solution potential can be determined to satisfy

the Kutta condition by iteratively solving the Eqns. 3.78 and 3.85 with solution of

Eqn. 3.75.

� Cavity problem

In order to apply IPK condition on propeller problem, the system of equa-

tion has to be a same form as shown in Eqn. 3.70 so that the unknowns are only

potentials. Since the potentials,�, are unknown on wetted blade surface and the

normal velocities,@�
@n

, on the cavity surface, IPK condition cannot be directly ap-

plied on the cavity problem. In this work, the IPK was applied as apost processfor

the cavity problem. The process is given as follows:

1. Solve the cavity problem of Eqn. 2.24, and determine the correct cavity shape.

2. Set up[A], [RHS] and[W ] matrices as shown in Eqn. 3.70.

3. Evaluate the potentials on the correct cavity surface using Eqn. 3.55.

4. Solve base potentials of Eqn. 3.82.

5. Modify the potentials on cavity and blade surfaces using Eqn. 3.78 and 3.85.

� Application of IPK on cavitating propeller
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Figure 3.24: Geometry and inflow wake of DTMB P5168 propeller.

To validate the treatment of IPK condition on cavitating propeller, the pre-

dicted forces and pressures are compared with those obtained without IPK condition

for DTMB P5168 propeller [Chesnakas and Jessup 1998]. The geometry and non-

axisymmetric inflow wake of DTMB P5168 propeller is shown in Fig. 3.24. The

test conditions are selected to generate partial cavitation on propeller blade, which

values areJs = 1:0 and�n = 2:1. Morino condition is applied in the case of

without IPK, in which the potential jump at the blade trailing edge is given by

�� = �+ � �� (3.86)

where superscript+ and� denote back and face sides of blade.

Comparisons of pressure distributions with and without IPK at key blade

angle,� = 0o, are shown in Fig. 3.25. The pressures are predicted along blade
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Figure 3.25: Comparisons of pressure distributions between (a) without IPK and (b)
with IPK at0o key blade angle for DTMB P5168 propeller:Js = 1:0, and�n = 2:1.
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chordwise direction at four non-dimensionalized radii,r=R = 0:323, 0:51, 0:743

and0:977.

Without applying IPK, the predicted pressures at the trailing edge of face

and back sides do not match each other. Especially, the pressures without IPK are

over-predicted atr=R = 0:323 and result in supercavitation. The results of with

IPK show good agreement of pressures at the trailing edge of blade face and back

sides.

The unsteady cavitating forces predicted by using IPK and without IPK are

shown in Fig. 3.26. The predicted thrust and torque coefficients show some discrep-

ancy between both IPK conditions. The averaged differences of thrust and torque

coefficients between these with and without IPK conditions are4:4% and5:0%,

respectively.

3.4.8 Numerical Results

The sensitivity of the solution to the number of panels, time step size, and

the number of propeller revolutions are presented in this section.

DTMB N4148 propeller

The method is applied to determine the blade sheet and developed tip vortex

cavities on DTMB N4148 propeller. The geometry of DTMB N4148 propeller and

the non-axisymmetric inflow are the same as those shown in Fig. 2.29. The flow

conditions are given as follows:Js = 0:9087, Fn = 9:159, and�n = 2:576. The

effective wake used in this computation includes the effects of the tunnel walls and
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Figure 3.26: Comparisons of unsteady cavitating forces between with/without IPK
for DTMB P5168 propeller:Js = 1:0, and�n = 2:1.
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vortical inflow/propeller interactions, which is taken into account using WAKEFF-

3D [Choi and Kinnas 1998, 2000].

The predicted blade sheet and tip vortex cavities compared with these ob-

served in the experiment and the computed by using MPUF-3A are shown in Fig. 3.27.

MPUF-3A is using a vortex lattice method, in which the vortex and source lattices

are placed on the mean camber surface. The observed blade angles are�30o, 6o,
and30o. As shown in the figure, the results of the present method agree relatively

well with experimental observations rather than those of MPUF-3A. Even if the

thickness-loading coupling [Kinnas 1992] is included in MPUF-3A, the details of

flow near blade leading edge and tip cannot be captured using the vortex lattice

method. Therefore, MPUF-3A predicts less blade sheet cavity than the present

method. In addition, MPUF-3A is developed to predict only blade sheet cavity, and

cannot capture tip vortex cavity. The comparison of the predicted tip vortex cavity

shape (or radius) shows at least qualitative agreement to the observed, as shown in

Fig. 3.27.

Figure 3.28 shows the convergence of unsteady cavitating forces per blade

(thrust and torque coefficients) with number of panels on propeller blade. Except

for the case of40 � 20 panels, the predicted forces are not much sensitive to the

mesh size.

The convergence of individual blade forces with time step size is shown in

Fig. 3.29. The presented blade angle increments are4o, 6O and8o. The predicted

blade forces are not very sensitive at least up to8o blade angle increment. However,

the larger time step size result in instabilities of the solution.
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Figure 3.27: Comparison of blade sheet and tip vortex cavities predicted by present
method (bottom) with the measured in the experiment (top) and the computed from
MPUF-3A (middle) [Lee and Kinnas 2001b] for DTMB N4148 propeller:Js =
0:9087, Fn = 9:159, and�n = 2:576.
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Figure 3.28: Convergence of unsteady cavitating forces per blade with number of
panels for DTMB N4148 propeller:Js = 0:9087, Fn = 9:159, and�n = 2:576.

Figures 3.30 and 3.31 show the dependence of cavity planforms on the

panel discretization and time step size. As shown in the figures, the cavity plan-

forms are not much sensitive to the number of panels and the time step size in this

propeller case.

The convergence of propeller thrust coefficients with number of propeller

rotations are shown in Fig. 3.32. With increasing revolutions, the predicted forces

converge to that of the last (fifth) revolution. Since the unsteady term,@�
@t

, is in-
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Figure 3.29: Convergence of unsteady cavitating forces per blade with time step
sizes for DTMB N4148 propeller:Js = 0:9087, Fn = 9:159, and�n = 2:576.

cluded after second revolution is completed, this results in the shown force shift

between the second and the third revolution.

Figure 3.33 shows the convergence of cavity volume with number of rev-

olutions. As shown in the figure, the predicted cavity volume shows very quick

convergence as the number of propeller revolution increases.

The steady pressure distributions computed along the tip vortex cavity cir-

cumference are shown in Fig. 3.34. The axial location,x0, is defined asx0 =
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Figure 3.30: Convergence of blade sheet cavitation with number of panels at30o

blade angle for DTMB N4148 propeller:Js = 0:9087, Fn = 9:159, and�n =
2:576.
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Figure 3.31: Convergence of blade sheet cavitation with time step sizes at336o

blade angle for DTMB N4148 propeller:Js = 0:9087, Fn = 9:159, and�n =
2:576.
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Figure 3.33: Convergence of cavity volumes with number of propeller revolutions
for DTMB N4148 propeller:Js = 0:9087, Fn = 9:159, and�n = 2:576.

(x � xTE)=R. xTE is thex-coordinate of blade trailing edge at the tip, andR

is a radius of propeller. The circumferential number of panels used for the pressure

calculation is10. Compared with the pressures after wake alignment, the pressures

after the adjustment of the tip vortex cavity shape are close to the given cavitation

number,� = 2:576. In order to reduce the pressure deviation from the cavitation

number on tip vortex cavity surface, even more panels are needed along the tip

vortex circumference, as shown in the case of 2-D tip vortex cavity, described in

Section 3.2.

145



v / Vmax

-C
P

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

x’ = 0.17
x’ = 0.39
x’ = 0.62
x’ = 0.80
x’ = 1.00

After alignment

After adjustment
of cavity shape

Figure 3.34: Comparisons of pressure distributions on developed tip vortex cavity
before and after adjustment of cavity shape at 5 downstream locations for DTMB
N4148 propeller:Js = 0:9087, Fn = 9:159, and�n = 2:576.

The predicted unsteady pressures on the tip vortex cavity circumference at

the different key blade angles are drawn in Fig. 3.35. The unsteady pressure pre-

dicted by the current method seems to be in reasonable agreement with the given

cavitation number.

Figure 3.36 shows the pressure distribution computed along thex-direction

at different key blade angles. The differences between the given cavitation num-

ber and the circumferentially averaged pressures at each blade angle are shown in
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Fig. 3.37. Even though there are some pressure discrepancies as shown in Figs. 3.35

and 3.36, the averaged pressures are close to the given cavitation number, and the

maximum pressure difference is about1:5%.
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Figure 3.35: Circumferential pressure distributions on developed tip vortex cavity
for DTMB N4148 propeller. The pressures are depicted at key blade positions of
(a) � = 0o, (b) � = 88o, (c) � = 184o, and (d)� = 272o: Js = 0:9087, Fn = 9:159,
and�n = 2:576.
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Figure 3.36:X-direction pressure distributions on developed tip vortex cavity for
DTMB N4148 propeller. The pressures are depicted at key blade positions of (a)
� = 0o, (b) � = 88o, (c) � = 184o, and (d)� = 272o: Js = 0:9087, Fn = 9:159, and
�n = 2:576.
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Figure 3.37: Pressure differences between cavitation number (� = 2:576) and cir-
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200o, 240o, 280o, and320o for DTMB N4148 propeller:Js = 0:9087, Fn = 9:159,
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3.5 PROPCAV

In this section, the main features of the computer codes which have been

developed and modified to analyze performance of marine propellers, using the

boundary element method, are addressed.

� PSF-10 (Propeller Steady Flow)

PSF-10 is a potential based boundary element code that treats fully wetted
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propeller steady flows with hub model [Lee 1987; Kerwin et al. 1987]. The

following features are included in the original PSF-10 code.

– Fully wetted steady performance analysis

– Planar panels on blade and wake surfaces

– Iterative Pressure Kutta condition

– Iterative block matrix solver

– Wake geometry is aligned with circumferentially averaged inflow (PSF2-

type wake alignment) [Greeley and Kerwin 1982]

The original version of PSF-10 was improved by including hyperboloidal

panels on blade and wake surfaces by [Hsin et al. 1991; Kinnas and Hsin

1992]

� PUF-10 (Propeller Unsteady Flow)

PUF-10 was developed based on PSF-10 to analyze the unsteady performance

of marine propellers. It handles fully wetted conditions in non-axisymmetric

inflow [Hsin 1989; Kinnas and Hsin 1992]. The followings are the main

characteristics of PUF-10 code.

– Steady & unsteady fully wetted flow analysis

– Hyperboloidal panels on blade and wake surface

– Unsteady Iterative Pressure Kutta condition

– Linear dipole distribution on wake for unsteady analysis
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– wake geometry is aligned with circumferentially averaged inflow (PSF2-

type wake alignment) [Greeley and Kerwin 1982]

� PROPCAV (PROPeller CAVity analysis)

PROPCAV includes the ability of cavitating flow analysis, as well as fully

wetted performance analysis [Fine 1992b; Kinnas and Fine 1992; Fine and

Kinnas 1993a]. The fully wetted parts of PROPCAV are the same as those

of PSF-10 and PUF-10. In addition to the ability of fully wetted steady &

unsteady analysis of PSF-10 and PUF-10, the following are features of the

original PROPCAV code.

– Steady & unsteady back cavity analysis

– Prescribed cavity detachment location

– Split panel method for cavitating analysis

– Iterative Pressure Kutta condition for fully wetted steady flow analysis

PROPCAV was extended by including several features as following:

– Leading edge and Mid-chord partial cavity on either the face or back of

the blade [Mueller and Kinnas 1997; Mueller 1998; Mueller and Kinnas

1999].

– Leading edge and Mid-chord partial cavity on both the face and back of

the blade simultaneously [Young and Kinnas 1999b, 2001a].
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– Supercavitating propellers with non-zero trailing edge thickness as well

as surface piercing propellers [Young and Kinnas 2001b; Young 2002;

Young and Kinnas 2002]

The following are the contributions of the present work to the latest version

of PROPCAV.

– Unsteady wake alignment

– Prediction of unsteady developed tip vortex cavitation

– Unsteady iterative Pressure Kutta condition for the cavitating analysis

3.6 Summary

A numerical technique which predicts blade sheet and developed tip vortex

cavity has been developed by using a low order boundary element method. The

developed method has been applied on the 2-D tip vortex cavity, 3-D hydrofoil

and marine propeller problems. Details of formulation, boundary conditions, and

solution methods were described. The numerical results were presented to validate

the present method.

The shapes of blade sheet and developed tip vortex cavities were determined

in an iterative manner by using the appropriate boundary conditions. On the blade

sheet cavity surfaces, the perturbation potential was evaluated by using the dynamic

boundary condition. The planform of the sheet cavity was determined by solving

the partial differential equation for the cavity height which was derived from the
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kinematic boundary condition. On the other hand, the developed tip vortex cavity

was initially assumed as a solid body. The shape of tip vortex cavity was updated to

satisfy the dynamic boundary condition by using a method based on the Jacobian of

the pressure with respect to the adjustments on the cavity shape. The solution of the

boundary value problem and the updating of the cavity shapes were repeated, until

both blade sheet and tip vortex cavity shapes were converged. In addition, the wake

alignment algorithm was applied, in order to improve the convergence of developed

tip vortex cavity shapes.

The method was applied to the following problems to validate the present

method.

� 2-D tip vortex cavity problem

The method was first applied to determine the tip vortex cavity shape of

simple 2-D vortex system. The effects of circulation strengths on the tip vortex cav-

ity shape were studied. Also, the convergence of the tip vortex cavity shapes and

pressures with number of panels were presented. The cavity shapes and pressure

distributions predicted from the direct and Jacobian methods compared very well

to each other. Even though the computation of tip vortex cavity shape and the eval-

uation of pressure were programmed to use double precision on 64 bit workstation,

the improvement of the pressure distribution on the tip vortex cavity surface appears

to have a limitation due to the small radius of the tip vortex cavity.

� 3-D hydrofoil problem
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The method was applied to the prediction of tip vortex cavity shape of 3-D

elliptic hydrofoil. The dependence of the pressure distributions and the mean radius

of tip vortex cavity on the number of panels was investigated. The results were

found not to be sensitive to the number of panels in this case. Also, the convergence

of the tip vortex cavity shapes with number of iterations was presented.

� 3-D propeller problem

A comparison of predicted cavity shapes was presented in the case of the

DTMB N4148 propeller. The blade sheet cavity planform of DTMB N4148 pro-

peller was compared well with those observed in the experiment and the computed

using MPUF-3A (Vortex Lattice Method). The present method also was able to

predict a developed tip vortex cavity that visually matched that of the experiment.

The convergence of the forces with number of panels, time step size, and number of

propeller revolutions was studied. The dependence of the blade sheet cavity plan-

forms on number of panels and time step size were also investigated. In general,

the present method shows stable convergence with number of panels, time step sizes

and number of propeller revolutions.

Since no measurements on details of tip vortex cavity on marine propeller

have been found in published papers, the systematic comparison with experiment

has not been done in this thesis However, The pressure on the converged tip vortex

cavity predicted to be close to the given cavitation number in the case of steady and

unsteady inflows.
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Examples of required CPU times for DTMB N4148 propeller in the case of

blade sheet and tip vortex cavity analysis are shown in Table 3.1. The approximate

times are only for the cavity calculation, i.e. all results computed from the unsteady

fully wetted analysis are already stored in the computer (hard disk), and the cavity

analysis uses those results by reading from the stored hard disk. The CPU times for

the unsteady fully wetted analysis are shown in Table 2.1.

Blade Grid Tip Vortex Grid Cavity Analysis
40x10 60x10 2.15 hours
60x20 60x10 6.0 hours

Table 3.1: Approximate CPU time required on a COMPAQ DS20E with 2-833 MHz
Processor (approximately 3-times as fast as an 1-GHz Pentium PC) for cavity anal-
ysis for DTMB N4148 propeller subjected to non-axisymmetric inflow.:Js=0.9087,
Fn=9.159,�� = 6o, 6 revolutions for unsteady cavity (blade sheet and tip vortex
cavity) analysis.
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Chapter 4

Bursting of Tip Vortex Cavity

4.1 Introduction

As mentioned in Section 1.2, the common problems caused by the occur-

rence of tip vortex cavity are erosion and unsteady pressure fluctuations on the ship

hull. In particular, when the propeller blade passes through the wake peak region

where the flow velocities change or decrease abruptly, the developed tip vortex cav-

ity shows the bursting phenomenon. Even though the tip vortex cavity bursting is

not a common phenomenon on propellers, it generates pressure fluctuations on hull

once it occurs. The bursting of a tip vortex cavity is often known asvortex burst-

ing or vortex breakdown. However, the behavior of the tip vortex cavity bursting is

different from that of stationary vortex bursting.

The vortex bursting is often observed to occur over delta wings at large angle

of attacks, and in axisymmetric swirling flows in tubes. [Sarpkaya 1971] performed

vortex breakdown experiments in swirling flows in a diverging cylindrical tube, and

observed three basic types of stationary vortex breakdown: double helix, spiral, and

axisymmetric. Also, he noticed that the vortex breakdown phenomenon is governed

by hydrodynamic instability and finite transition of flow condition.

On the other hand, the main parameter of tip vortex cavity bursting is the
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variation of vortex strength. The tip vortex cavity experiences an increasing vor-

tex strength inside the wake peak region, and as a result the diameter of the tip

vortex cavity increases. After the tip vortex cavity passes the wake peak region,

the strength of the vortex decreases and so does the diameter of tip vortex cavity.

[Kuiper 2001] observed the bursting of tip vortex cavitation on a Navy oiler on a

5 bladed controllable pitch propeller. According to his experiments, contrary to

the phenomenon of vortex bursting, the tip vortex cavity does not disappear after

the burst, and the tip vortex cavity core is continued without weakening of the vor-

tex. Therefore, this phenomenon should be called as ablowing upof the tip vortex

cavity rather than avortex bursting[Kuiper 2001].

4.2 Objectives

In order to understand the hydrodynamic mechanisms of bursting of a tip

vortex cavity on a marine propeller, it is necessary to initiate a systematic study

starting with unsteady bursting of a tip vortex cavity in 2-D. Even though the the-

oretical basis and computational tools on 2-D cavity bursting problem are not fully

developed in this work, the proposed method is addressed here rather than in the

next chapter of recommendations, in order to help future studies.

The objectives of this chapter are as follows :

� Develop a simple 2-D unsteady model relating to the 3-D bursting of a tip

vortex cavity.

� Derive numerical formulations for 2-D unsteady bursting problem.
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� Produce preliminary results of the 2-D problem.

4.3 Formulation

The numerical modeling on 2-D bursting of a tip vortex cavity and some

preliminary results are presented in this section.

4.3.1 Problem definition

Since the main parameter of the bursting of a tip vortex cavity on marine

propellers is the variation of the vortex strength in the fluid domain, the 2-D vortex

bursting has to be modeled with variable vortex strength. By applying a circulation

with variable strengths of�, 2-D tip vortex cavity model defined in Section 3.2 can

be extended for modeling of the tip vortex cavity bursting. The tip vortex cavity is

modeled as shown in Fig. 3.1, and the variation of circulation is given by

�(t) = �o +�� sin!t (4.1)

where�o and�� are the mean circulation and the amplitude of circulation varia-

tion, respectively.! = 2�
T

is the frequency of the fluctuating circulation, andT is

the fluctuating period. The upward velocity1 is defined as

Uup(t) =
�(t)

2�R
= U1 sin�up (4.2)

1This velocity is necessary to cancel the induced velocity of the non-cavitating vortex, as ex-
plained in Section 3.2.
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4.3.2 Formulation

Details on the BEM formulation on 2-D tip vortex cavity problem are ad-

dressed in Section 3.2.2, except that potential,�, and circulation,� are now func-

tions of time,t.

The boundary conditions which have to be satisfied on the tip vortex cavity

surface are as follows :

� Dynamic boundary condition

The dynamic boundary condition can be derived by applying the unsteady Bernoulli’s

equation2.
Po
�

+
j~qinj2
2

=
P

2
+
j~qtj2
2

+
@�

@t
(4.3)

where~qin = (0; Uup), andPo andP are the reference pressure far upstream and the

pressure on tip vortex cavity surface.~qt is the total velocity on tip vortex cavity,

which is given by

~qt =

�
@�

@n
+ ~qin � ~n

�
~n +

�
@�

@v
+ ~qin � ~v

�
~v (4.4)

where~n and~v represent the normal and tangential unit vectors on the tip vortex

cavity surface.

� Kinematic boundary condition

2The unsteady terms due to the inflow potential,@�in

@t
, on both sides of Bernoulli’s equation are

canceling each other.
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The kinematic condition on the tip vortex cavity requires the fluid particles to move

with that surface :
@h

@t
=
@�

@n
+ ~qin � ~n (4.5)

whereh is the increment of tip vortex cavity radius.

By combining Eqns. 4.3 and 4.5, the equation for the unsteady pressure can

be obtained as follows :

�CP =
Po � P
1
2
�U2

1

=

�
@�

@v
+ ~qin � ~v

�2

� sin2 �up +

�
@h

@t

�2

+ 2
@�

@t
(4.6)

Since the potential is evaluated on the updated tip vortex cavity surface, the

time derivative of this potential represents the substantial derivative. Therefore, the

partial derivative of potential is derived as follows:

@�

@t
=

D�

Dt
� @�

@n

�h

�t

=
D�

Dt
+

�
~Uin � ~n� @h

@t

�
@h

@t
(4.7)

By substituting Eqn. 4.7 into Eqn. 4.6, the pressure for the unsteady problem

can be derived as follows :

�CP =

�
@�

@v
+ ~qin � ~v

�2

� sin2 �up + 2
D�

Dt
+ 2 (~qin � ~n) @h

@t
�
�
@h

@t

�2

(4.8)

The pressure on the tip vortex cavity surface at each time step can be eval-

uated by including the time derivatives of the potential and the cavity radius incre-

ment, as shown in Eqn. 4.8
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4.4 Numerical Implementation

In Section 3.2.2, two methods were applied to solve for the tip vortex cavity

problem : the direct and the Jacobian method. The Jacobian method is applied to

solve the unsteady bursting problem, and the unsteady terms are evaluated by using

the averaged 3-point backward scheme [Young et al. 2001].

D�

Dt
=
�t + �t�1 + �t�2

3(2�t)
� �t�2 + �t�3 + �t�4

3(2�t)
(4.9)

, and
@h

@t
=
ht + ht�1 + ht�2

3(2�t)
� ht�2 + ht�3 + ht�4

3(2�t)
(4.10)

At each time step, Green’s formula, Eqn. 3.7, is solved with respect to the

unknown potential,�, on the tip vortex cavity surface for the corresponding vortex

strength,�(t). Once the potential is evaluated on the tip vortex surface, the pressure

can be computed by using Eqn. 4.8. If the updated pressure is not equal to the given

cavitation number,�, the new shape of tip vortex cavity is computed using the

Jacobian method described in Section 3.2.4.

4.5 Numerical Results

The proposed numerical method is applied to the tip vortex cavity problem

with the following conditions :�o = 1:0 (m2=sec), �� = 0:2 (m2=sec), ! =

0:1; 0:2; 0:5, and1:0 (1=sec), � = 1:0, and�t = T
100

(sec).

The predicted tip vortex cavity shapes for various vortex strengths and fre-

quencies are shown in Fig. 4.1. As the frequency increases, the motion of tip vortex

cavity becomes more irregular.
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Figure 4.2 shows the pressure distributions predicted on the tip vortex sur-

faces shown in Fig. 4.1. Even though the pressures are required to satisfy the dy-

namic boundary condition, the predicted pressures show some discrepancy from

the given cavitation number,� = 1:0. However, the circumferentially averaged

pressures along the tip vortex circumference seem to be very close to cavitation

number.

4.6 Summary

A boundary element method was applied to the preliminary analysis of 2-

D unsteady bursting of tip vortex cavity. The numerical method proposed in this

chapter is still under development, and this chapter is introduced as a subsidiary

part of the recommendations.

Two dimensional tip vortex cavity bursting was modeled by applying the

variable vortex strength as a function of frequency. A Jacobian method was applied

to evaluate the new tip vortex shape which is required to satisfy the dynamic and

kinematic boundary conditions. The predicted results show the expected vortex

fluctuations with the variation of vortex strength, however, the predicted pressures

on the tip vortex surface show some discrepancy from the given cavitation number.

This subject requires further investigation in the future.
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Figure 4.1: Comparisons of tip vortex cavity shapes with the variation of vortex
strengths at each frequency: (a)! = 0:1, (b)! = 0:2, (c)! = 0:5, and (d)! = 1:0.
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Figure 4.2: Pressure comparisons on tip vortex cavity shapes with the variation of
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! = 1:0.
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Chapter 5

Conclusions and Recommendations

5.1 Conclusions

In this thesis, a robust and reliable numerical method for the prediction of

blade sheet and developed tip vortex cavitation has been developed by using a low

order boundary element method.

The main contributions of the present work are :

�Prediction of the aligned unsteady wake geometry using a low order bound-

ary element method: Previous methods for the alignment of the propeller wake ge-

ometry addressed steady flow. Also, the wake geometry in the case of unsteady

flows was fixed in time, and was determined in the circumferentially averaged flow

field. In addition, wake contraction and roll-up motion were modeled using pre-

scribed values which were measured from experiments. In the present work, a fully

unsteady wake alignment scheme was developed using a low order boundary ele-

ment method. The wake sheet is determined to satisfy the force free condition on

the wake surface. In order to avoid numerical instability, the induced velocities are

evaluated at a certain distance from the actual control point, and the tip vortex core

was introduced at the wake tip end. The contraction and roll-up of the wake sheet

are directly determined while the wake geometry is aligned to satisfy the force-
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free condition. In the case of unsteady inflow, the wake geometry is aligned in

a fully unsteady manner by updating the wake geometry at each time step. The

method is extensively validated by numerical convergence and consistency tests for

2-D vortex roll-up, for 3-D hydrofoils in steady flow, for propellers in uniform and

non-axisymmetric flow, and for propellers in an inclined flow.

� Prediction of unsteady blade sheet and developed tip vortex cavitations: A

numerical method which predicts developed tip vortex cavities, in addition to blade

sheet cavities, on propellers is developed by using a low order BEM. The shape of

the developed tip vortex cavities are iteratively determined by using the dynamic

and kinematic boundary conditions on each panel on the cavity surface. The de-

veloped tip vortex cavity shape is determined by satisfying the dynamic boundary

condition using a method based on the Jacobian of the pressures with respect to the

surface adjustments. The method is applied on 2-D tip vortex cavity, 3-D hydrofoil

in steady flow, and propeller in unsteady flow.

5.2 Recommendations

Even though the present method predicts accurately the shapes of blade

sheet and developed tip vortex cavities on propellers, the following may be included

to improve the present numerical scheme.

� Regrid the 3-D wake sheet : The regridding scheme which is applied for the

2-D roll-up problem, is possible to implement not only for the aligned wake

geometry but also for the trailing vortex strength in the cases of 3-D hydrofoil
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and propeller problems. A regridding scheme may improve the prediction of

wake contraction and vortex roll-up by distributing more panels near the wake

tip region.

� Include a sub-panel near the blade trailing edge : The present method uses

constant panel size on wake surface to easily treat the unsteady vortex shed-

ding. In order to predict more accurately the wake contraction near the blade

trailing edge, it is essential to use a finer grid for several panels on the wake

surface. It should be possible to implement a sub-panel method on several

consecutive panels close to the blade trailing edge, such as the one developed

by [Kinnas and Hsin 1992].

Other recommendations for further research follow:

� Modeling of hub vortex cavitation : Hub vortex cavitation is a vortex type

of cavitation like the tip vortex cavitation, which occurs at the hub of the

propeller. Even though hub vortex cavitation forms a rope-like cavity with

strands corresponding to the number of propeller blades, it may be initially

modeled as a circular cylinder, and then the exact shape may be determined

by using the scheme that has developed for tip vortex cavities in this thesis.

Fig. 5.1 shows the proposed numerical modeling of hub vortex cavitation on

a propeller. The detachment location of the hub vortex cavitation on hub

surface may be determined by using the same algorithm which was used to

find the detachment points on blade surface [Kinnas et al. 1997; Mueller and
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Detachment line

Hub Vortex Cavitation

Figure 5.1: Modeling of hub vortex cavitation.

Kinnas 1997; Mueller 1998; Mueller and Kinnas 1999; Young and Kinnas

1999b, 2001a].

� Modeling of bursting of tip vortex cavity : The proposed 2-D tip vortex cav-

ity bursting problem in Section 4 requires systematic convergence and con-

sistency tests with varying frequencies, vortex strengths and cavitation num-

bers. Also, the 3-D unsteady bursting problem can be treated by using the

algorithm developed to solve the tip vortex cavity problem. As the propeller

blade passes through the top of the wake region where the inflow velocity is

173



slow, the tip vortex cavity initially can be modeled as a solid body of constant

radius. By updating a vortex strength as the propeller rotates in an unsteady

manner, the shape of the bursting tip vortex cavity will be adjusted so that the

dynamic and kinematic boundary conditions are satisfied.

� Determining the pressure fluctuations on the hull due to blade sheet and de-

veloped tip vortex cavitations : As mentioned in Section 1.2, one of the

common problems due to developed tip vortex cavitation is pressure fluc-

tuations (or broadband excitations) of the hull. In order to determine the hull

pressure fluctuations, the present method has to be incorporated with the nu-

merical solver which can solve ship hull diffraction problem. A BEM code,

HULLFPP, solves for the propeller induced hull pressures arising from in-

termittent blade cavitation, loading and thickness [Kinnas 1996; Young and

Kinnas 1999a]. Currently HULLFPP is coupled with MPUF-3A which uses

the Vortex Lattice Method. Once the unsteady cavity problem is solved by

using the present method, the induced potential on the ship hull due to the

propeller and cavitations are determined from the Green’s formula, as shown

in Eqn. 5.1

4��P =

ZZ
SP

�
�q

@

@nq

1

R
� @�q
@nq

1

R

�
dS +

ZZ
SW

��w
@

@nq

1

R
ds (5.1)

where�P is the potential on the ship hull induced by the propeller.SP repre-

sents the blade, hub and cavity surfaces, andSW represents the wake surface.

A function R is a distance between a field point on ship hull and a singu-

lar point (or source point,q) on SP andSW . Once the induced potential on

174



ship hull is determined, the boundary value problem for the ship hull can be

derived by including the effect of propeller as follows [Breslin et al. 1982]:

2��H �
ZZ

SH

�H
@

@nq

1

R
dS = 4��P (5.2)

where�H denotes the potential on the ship hull, andSH represents the ship

hull surface.

� Performing systematic series of experiments on blade sheet and developed

tip vortex cavitation on propellers : Experiments should be used to validate

the numerical results developed for the prediction of propeller sheet and de-

veloped tip vortex cavitations. The planform of blade sheet cavity should be

measured through cavity observation tests in steady and unsteady flow. The

size or radius of developed tip vortex cavity should be determined by using

LDV or PIV systems. In addition, the propeller thrust and torque in steady

and unsteady flows should be measured and compared with those of com-

puted values, specially in the case of cavitating propellers. The effects of

Reynolds number, cavitation number, advance ratio, and air and bubble or

nuclei contents on the tip vortex cavity radius should also be investigated.
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